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CHAPTER |

Double Integrals over
Rectanqular Regions

In this chapter, we extend this powerful idea into higher dimensions using the tools of
multiple integration. While single integration enables us to calculate the area under a
curve or the volume under a surface, multiple integration allows us to calculate volumes
in three dimensions, and even hypervolumes in higher dimensions.

First, we will discuss double integration, which allows us to find the volume under a
surface in three dimensions. This method involves slicing the solid into infinitesimally
small columns, and summing the volumes of these columns.

In a subsequent chapter, we will cover triple integration, a tool that lets us find the volume
of more complicated solids in three-dimensional space. The idea is similar to double
integration.

To properly implement these techniques, we will also discuss the different coordinate
systems that can be used in multiple integration, such as rectangular, cylindrical, and
spherical coordinates, and when it’s advantageous to use one system over another.

By the end of this chapter, you will have a deeper understanding of the techniques of mul-
tiple integration and how to apply them to find the volumes of various types of solids. The
methods we study here will serve as a foundation for many topics in higher mathematics
and physics, including electromagnetism, fluid dynamics, and quantum mechanics.

1.1 Double Integrals

Double integrals extend single-variable integration to functions of two variables, allowing
us to calculate quantities like area, volume, and mass over a two-dimensional region. By
integrating a function across a specified domain in the xy-plane, they help analyze how a
quantity changes in both dimensions. Common in physics, engineering, and economics,
double integrals involve setting up limits for the region and performing two successive
integrations, often tailored to the region’s geometry. We begin by discussing double in-
tegrals over rectangular regions, then extending that discussion to regions of any general
shape. Finally, we discuss applications of double integrals.
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1.1.1 Over Rectangular Regions

Suppose there is some function, z = f(x,y), that is defined over the rectangular region, R,
defined by R = [a,b] x [c,d] = {(x,y)la < x < b,c <y < d}, and f is such that f > 0 for
all (x,y) € R. So, the graph of f is a surface that lies above the rectangular region, R (see
figure 1.1).

Figure 1.1: The graph of f over the region R

Let’s call the solid that fills the space between the xy-plane and the surface z = f(x,y) S.
Formally, this is written as

S ={(x,y,2) € |0 < z < f(x,y), (x,y) € R}

How can we find the volume of the solid, S? We will apply what we learned about Rie-
mann sums and definite integrals in two dimensions to this three-dimensional problem.

First, we divide R into rectangular subregions. We do this by dividing the interval [a, b]
into m subintervals with width Ax = (b — a)/m and the interval [c, d] into # subintervals
with width Ay = (d — ¢)/n. Drawing lines through these divisions parallel to the x- and
y-axes, we create a field of subrectangles, each with area AA = AxAy (see figure 1.2).
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a X1 X2 ‘Xil—i‘éi‘ B x
Ax

Figure 1.2: The region, R, on the xy-plane divided into subrectangles

Each subrectangle is defined by:

Ry = [xi—1,xi] x [yj-1,y5] = {(x, y)xi1 <x < xq,y5-1 <y < y5)

Since f(x,y) in continuous over the R, there is some point, (xfj,yfj), equal to the average
value of f(x,y) over the subrectangle. We can approximate the volume between the xy-
plane and z = f(x,y) over the subrectangle as a column with base area AA and height
f(xj;,y3;) (seefigure 1.3) and the volume of the column is given by:

Vi' = f(X%, yf] )AA
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Figure 1.3: A single column with base AA and height f(x{;, yj;)

Therefore, the approximate volume of the solid, S, that lies between the region, R, and
z = f(x,y) is the sum of all the columns over i and j:

Vs ~ Z (x5, y35) AA

i=1 j=1

Just like with the area under a curve, we get the true volume by taking the limit asn — oo,
which becomes a double integral:

Volume of a Solid over a Region

n n

Vo= lim 3 3 flxj,uf)an = HR f(x,y) dA

i=1 j=1

1.2 Iterated Integrals

To be able to evaluate the double integral as outlined above, we must first discuss iterated
integrals. Iterated integrals happen when you evaluate two single integrals, one inside
the other. Consider some function, g(x,y). We could integrate that function from x = q
to x = r thusly:

J;Q(My)dx

Notice that we are integrating with respect to x, so y terms will be treated as constants
(recall partial differentiation: this is the opposite process). Let’s call the result of this first
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integral A(y):
Aly) :J g9(x,y) dx

We can then integrate the resulting function, A(y), fromy =stoy =t:

JtAxy)dy =:jt[JTg(x,y>dx] dy

s s LJq

This is called an iterated integral. When evaluating iterated integrals, we work from the
inside out. You can also write it without the brackets:

t pr
J J g(x,y) dxdy
s Jq

Example: Evaluate the iterated integral fg f]z xy? dy dx.

Solution: We can re-write this to more explicitly show the inner and outer integrals:

[ o

As you can see, the inner integral is with respect to y. Let’s isolate and evaluate the inner
integral:

2 2 2 2 121_4:2

ny dy:XJ y dy:XLy}

1 1 y=1
=327 “Xpon=""
) ~3 3

We were able to move x outside the integral because when we are integrating with respect
to a specific variable (in this case, y), other variables are treated as constants. Now, we

can substitute Lz xy? dy = 73—" into the iterated integral:

[[[oes] o= ] [5] o

7ML 71, o1 7-9 21
_LXLw_6P_O}__2
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Exercise 1 Order of Evaluating Iterated Integrals

Working S _—
Show that fg ﬁ xy? dy dx = LZ fg xy? dx dy. orking opace

Answer on Page 47

Exercise 2 Evaluating Iterated Integrals

Working S —_—
Evaluate the following iterated integrals. oIS Space

1 [y 3 (x+eY) dxdy
2. f3_3 fg/z (2y +y% cosx) dx dy

3. [ [T 2sin 0 d6 dt

\— Answer on Page 47 4




Section 1.3 FUBINI'S THEOREM FOR DOUBLE INTEGRALS 9
1.3 Fubini's Theorem for Double Integrals

Fubini’s Theorem states that for a function, f, that is continuous over the rectangular
region, R, the double integral of f over the region R = {(x,y)la < x < b,c <y < d}is
equal to the iterated integral of f with respect to x and y. This is expressed mathematically
below:

Fubini’s Theorem

If f is continuous on the rectangle R ={(x,y)[a < x < b,c <y < d}, then

”R floy) dA = Jb Jd f(x,y) dy dx = Jd Jb f(x,y) dx dy

aJc c Ja

Exercise 3 Applying Fubini's Theorem

Rewrite the following double integrals

‘— Working Space

as iterated integrals.

2
L [JoFs5 dA, R = {(x,y)l0 < x

vi <
+1
1,-3<y <3}

NiFees =

2. {Tj <8 dA, R = {(6,1)0 < B
1

R
,0<t <1}

\— Answer on Page 48 4
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Exercise 4

Evaluate the double integral.

2
L [R5 dA R ={(xy)|0 < x <

2. [[y =% dA, R={(6,1)0<6 <

/3, 0 <t < 3)

3. [fgxsin(x+y)dA, R = [0,71/6] x
[0, 7t/3]

’— Working Space —‘

\— Answer on Page 48 4



CHAPTER 2

Double Integrals Over
Non-Rectangular Regions

Now that we’ve seen how to evaluate double integrals over rectangular regions, let’s con-
sider non-rectangular regions. Suppose we are interested in the integral of a function,
f(x,y), over a region, D, which exists such that it can be bounded by inside a rectangular
region, R (see figure 2.1). We can then define a new function:

F(x )_ f(X)U) if (X,y) isin D
S 0 if (x,y) is in R but not in D

Figure 2.1: We can find a rectangular region, R, that completely encloses D

Then, we can see that:

”D f(x,y) dA = ”R F(x,y) dA

This makes sense intuitively, since integrating over F outside of D doesn’t contribute any-
thing to the integral, and the integral of F inside D is equal to the integral of f inside D.
In general, there are two types of regions for D. A region is type I if it lies between two
continuous functions of x and can be defined thusly:

D={(xy)la<x<b,gi(x) <y < gx)}

11
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y
Yy =9g2(x)
D
} y=gix) |
a b
y
y = g2(x)
3 D
3 y=gi(x) X
a b

Figure 2.2: Two examples of type I domains

Some type I regions are shown in figure 2.2. To evaluate [[,f(x,y)dA, we begin by
choosing a rectangle R = [a, b] x [c, d] such that D is completely contained in R. We again
define F(x,y) such that F(x,y) = f(x,y) on D and F = 0 outside of D. Then, by Fubini’s
theorem:

”D fly)dA = ”R Foy)dA = Jb JdF(X»U) dy dx

aJc

Since F(x,y) =0 when y < g;(x) or y > g2(x), we know that:
g2(x)

d g2(x)
J F(x,y)dy=J F(x,y)dy=J f(x,y) dy
c g1(x) g1(x)

Substituting this into the iterated integral above, we see that for a type I region D =
vyl la<x<b,gilx) <y < galx)},

b rg2(x)
” f(x,y)dA:J J f(x,y) dy dx
D a Jgi(x)
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Another way to visualize the double integral over a type I region is shown in figure 2.3.
For any value of x € [a, b], we know that g1(x) <y < gz(x). The inner integral represents
moving along one blue line from y = g;(x) to y = g2(x) and integrating with respect to
y. Next, for the outer integral, we integrate with respect to x, which is represented by
moving the line from x = a to x = b.

Yy
Yy = ga2(x)
\
A
D \
3 1 1 Yy Z/;J](X;j i X
axi X2 X3 b

Figure 2.3: On type I domains, for a given value of x, g1(x) <y < ga2(x)

A type Il region is a region such that we can define the limits of x in terms of y (see figure
2.4). In other words, a type II region can be defined as:

D ={(xy) lc <y <dhi(yo <x<hy(y)

In a similar manner to above, we can show that:

d rha(y)
” f(x,y)dA:J J f(x,y) dx dy
D c Jhi(y)
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x = hy(x) D

(a) Example 1 (b) Example 2

Figure 2.4: Two examples of type II domains

You can annotate type II regions with horizontal lines to show that, for a given y values,
all x values in the region are contained in hy(y) < x < h,(y) (see figure 2.5).

Yy
P
Y |-- D -
x = hy(x)
x =My (x)\
Yrp-------- -
al-------- X

Figure 2.5: On type II domains, for a given value of y, hy(y) < x < hy(y)

2.1 Determining Region Type

Many regions can be described as either type I or type II. Consider the region between
the curves y = %(x —1l)and y = %(x —1)? (see figure 2.6).
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Figure 2.6: The region that lies between y = w andy = @ can be classified as type

I or type II

We could classify this as a type I (see figure 2.7a) or a type Il domain (see figure 2.7b).

x—1)2

o L
(a) Type I region: ——

<y< S(X;” (b) Type II region: %1+1 <x<V2y+1

Figure 2.7: Comparison of Type I and Type II descriptions of the same region.

However, not all domains can be classified as both type I or type II. A region can be
classified as type I if you can take a vertical line (x = ¢, where ¢ is some number in the
domain of the region) and move it across the region without any gaps. Consider the two
regions shown in figure ??. The top is type I, and if you put vertical lines, the line traverses
the entire region without leaving it. On the other hand, the lower region is not type I.
There are vertical lines where the line exits the lower region before traversing the entire
region.
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Y Yy
W D
A A
D 1 the vertical line leaves the domain
/
X X
(a) A domain that is Type I (b) A domain that is not Type I

Figure 2.8: Comparing two regions: one that satisfies the Type I condition and one that
does not.

To determine if a region can be classified as type II, you can use a horizontal line. If you
can move a horizontal line (y = c, where c is in the domain of the region) across the
region and the line always traverses the entire region without leaving and re-entering it,
then the region is type II (see figure 2?).

Y Y

the horizontal line leaves the domain

N\

D
D
X X
(a) A domain that is not Type II (b) A domain that is Type II

Figure 2.9: Comparing two regions: one that fails the Type II condition and one that
satisfies it.

Example: Evaluate [[,(2x 4+ y)dA, where D is the region bounded by the parabolas
y =3x? and y = 2 + x%. Region D is shown in figure 2.10.
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1 05 0.5 1

Figure 2.10: Region D is bounded above by y = 2 + x* and below by y = 3x?

Solution:This is a type I region, since for a given x, y € [3x*,2 4+ x*]. We can define region
DasD={(x,y)| —1<x<1,3x* <y < 2+ x?}. Therefore,

”D(Zx +y)dA = Ji] rﬂ (2x +y) dy dx

3x2

1 24-x2 24-x2
= J J 2x dy + J ydy| dx
—1 [J3x2 3x2
] y=2+x? 15 y=2+x?
= 2xy |y:3x2 +3Y |y:3x2 dx

:J;[A(z+%—sﬁ)+;(a+mﬂﬁ—@%fﬂ(n

1
:J [2+4x+2x2—4x3—4x4} dx
1

x=1
= |:2X + 2%+ %x3 —xt = 4x5]

3 5
4
2424212
<++ 5)
s _
3

x=—1

4
-2 2—7—1
< n +5>
8 _
5

=4+

15

Example: Set up integrals to evaluate [[xy dA if D is the region bounded by y = x —2
and x = y? as both a type I and type II region. Which method will be easier to evaluate?
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Evaluate the easier double integral.

Solution: Let’s begin by visualizing D:

(4,2)

(1,-1

7

This region could be classified as type I and type II. To set up an integral as if D were a
type I region, we need to describe y in terms of x. However, we run into a little problem.
For 0 < x < 1, the region is bounded by the parabola x = y?, and for 1 < x < 4, the region
is bounded by both the parabola and the line. So, we will have to split the integral into
toparts: 0 <x <Tand 1 <x <4

1 pvx 4 X
H xydA:JJ xydydx—i—JJ xy dy dx
D 0 J—vx 1 Jx—2

To set up an integral as if D were a type II region, we need to describe x in terms of y.
This time, we will not need to split the integral, because y + 2 < x < y? over the entire

region:
2

2y
” Xy dA:J J xy dx dy
D —1Jy+2

It is easier to evaluate the integral with D as a type II region, since we do not need to split
the integral. Evaluating:

2

2y 2 2
Y21
dxdy = =z d
J] Jy+2 AR J] 2 |:X }x:y.pz Y

:J:E[fo-wy+zf]dyzljiyﬁﬁ—(f+4y+4ﬂ(m

1 g 5 3 2 1T 6 1 4 4 3 4 2 v
= 4y —dydy=5 |y -yt -y <
> J] Yy oy Ay —dydy =5 [Gy 1 3 7Y L_]
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L L O e S 4 I IOV I
5|z @ -7 @ -3 @202 <6( D= 7 (1 =3 (=1 -2 1))}
132 32 1 1 4 45
‘2[3—4—3 8_6+4_3+2]__8

Exercise 5 Double Integrals over Non-Rectangular Regions
_ —————— Working Space ———
Evaluate the double integral. ‘

1 [[pe ¥ dA, D ={(x,y) |0 <y <
3,0 <x <2y}l

2. [[pxsinydA, Disbounded by y =
0,y= x2, x = 2.

3. [[p(2y—x) dA, D is bounded by
the circle with center at the origin
and radius 3.

\— Answer on Page 50 4
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2.2 Double Integrals in Other Coordinate Systems

Consider a region composed of a semi-circular ring (see figure ??). Describing the region
in Cartesian coordinates is complicated; you would have to split it into three regions
(see figure ...). However, in polar coordinates, we can describe the whole region in one
statement:

D={r0)]1<r<4,0<06<m

AN

4 2 2 4

Figure 2.11: A semi-circular ring

There are many instances where a region is simpler to describe in polar coordinates, so
how do we take double integrals in polar coordinates? Suppose we want to integrate some
function, f(x,y), over a polar rectangle described by D = {(1,0) |a <1 < b, « <0 < 3}
(see figure 2.12). Similar to Cartesian coordinates, we can divide this region into many
smaller polar rectangles, with each subrectangle defined by Dy = {(1,0) [ri 1 < v <

i, 0i—1 < 0 < 0;}. The center of each subrectangle has polar coordinates (r7, 6;*), where:

TP — 5 (rior +1y)

2

. ]
07 =5 (01 +6)
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Figure 2.12: A polar rectangle described by D ={(,0) [a <r <b, a <0 < 3}

Each subrectangle is a larger radius sector minus a smaller radius sector, each with the
same central angle, A@ = 0; — 0;_1. The total area of each subrectangle is given by:

1 5 , 1
AA =3 (1)’ 80— 3 (ri1)7 80 = - (r% —ri{]) AB

Substituting (v — 17 ;) = (vi +T1i1) (r; — 1i_1), we see that:

1
AA; = 7 (ri +1i21) (1 —1i1) AO

Recall that we have defined 1} = ]Z (rio1 + 7). Additionally, Ar = r; — ri_j. Substituting

this, we find a simplified expression for the area of each subrectangle:

AA; =T1{ATAB

Therefore, the Riemann sum of f(x,y) over the region is:

f(r{ cos 65, 7{ sin 07 )AA;

i=1 j=I

(Recall that to convert from Cartesian to polar coordinates, we use x = rcos6 and y =
rsin0). Substituting for dA;:

n n
= Z Z f(r{ cos 65, 7{ sin 6] )1} ATA®
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Taking the limit as n — oo, the Riemann sum becomes the double integral:

B (b
J J f(rcos B, rsin®)rdrdo

x Ja
Therefore, if f is continuous on the polar rectangle a <r <b, x <0 < f3, then:

B (b
ﬂ f(x,y)dA:J J f(rcos O, rsin0)r dr do
D

x Ja

Example: Evaluate [[, x*y dA, where D is the semi-circle shown below.

4 =2 2 4

Solution: Since the region is a semi-circle with radius 5, we can describe D as D =
{(r,0) |0 <r <5, 0<0 <} Therefore,

T 5
H xzy dA = J J (rcos 9)2 (rsin@)rdodr
D 0Jo

7T 5
= J J * cos? 0sin O dr dO
0 Jo

7T ] r=5
= J cos® 0sin O [51‘5} do
0 =0

7T 55 s
= J cos? 0 sin Gg do = 625J cos? 0sin 0 dO
0 0

Using u-substitution, let u = cos 6. Then —du = sin 0d6, therefore:

7T 0=t
625J cos?0sin 0 do = 625 J —u?du
0 0=0

1 s 1 _
= —625 U3 = 625 (cos*0) 1355
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&2
3

625 1250
_25 L) = 2
3 (=2) 3

(=12 )] =
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Exercise 6 Changing to Polar Coordinates

—— Working S
Evaluate the following iterated integrals ‘ orking space

by converting to polar coordinates:

12V ey gy dx
1/2 p/1—y2
2. fo/ f\/gyy xy? dx dy

3. fé 5 2 XT+yl dy dx

\— Answer on Page 50 4
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Exercise 7 Using Polar Coordinates in Multiple Integration

’— Working Space ———

Find the volume of the solid that lies un-
der the surface z = 4 —x* —y? and above
the xy-plane.

‘— Answer on Page 52 —l
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Exercise 8 The volume of a pool
) , ) _ Working Space

A circular swimming pool has a 40-ft di- ‘

ameter. The depth of the pool is constant

along the north-south axis and increases

from 3 feet at the west end to 10 feet at

the east end. What is the total volume of

water in the pool?

\— Answer on Page 53 4



CHAPTER 3

Applications of Double Integrals

3.1 Total Mass and Charge

Suppose there is a generic, thin layer (called a lamina) with a variable density that occupies
an area B (see figure 3.1). Further, let the density of the lamina be described by a function,
p(x,y), which is continuous over B. For some small rectangle centered at (x,y), the density
is given by:

Am

p(x,y) = AA

where Am is the mass of the small rectangle and AA is the area. Then the mass of the

rectangle is given by: )
Am = p(x,y)AA

: E/ (X) y )
: B

Figure 3.1: A generic lamina that occupies the region B

We can find the mass of the entire lamina by dividing it into many of these small rectangles
and adding the masses of all the rectangles (see 3.2). Just like in previous examples, there
is some point (xfj,yfj) in each rectangle, R;j, such that the mass of the part of the lamina

27
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that occupies Ryj is p(x{j, y;)AA. Adding all these masses yields:

m o n
mtotal%E Zp 1])91]

i=1 j=1

Taking the limit as m,n — oo increases the number of rectangles to yield the true total

mass:
m n

Miotal = lTlLrBoo Z Z p 1] ) Ug AA JJ (X) U) dA

i=1 j=1

(x5, 35)

Figure 3.2: A generic lamina divided into many rectangles

Example: Find the total mass of a lamina that occupies the region D = {(x,y) |1 < x <
3,1 <y < 4} with a density function p(x,y) = 3y*.

Solution: We know that the total mass is given by:

H 3y?dA
D

Applying Fubini’s Theorem, we see that:

3 4
H 3y2dA:J J 3y? dy dx
D 1h



Section 3.1 TOTAL MASS AND CHARGE 29

[ a=[ -] o

3
:J 63 dx = 63x[}=3 = 126
1

Exercise 9 Finding Total Mass

) . Working Space
Find the mass of the lamina that occu-

pies the region, D, and has the given den-
sity function, p.

1L.D={xyl0<x<40<y<
3hp(x,y) =1+x% +y?

2. Dis the triangular region with ver-
tices (0) 0), (2, 1), (O) 3); D(X, U) =
X+y

; Amnswer on Page 54 4

This method applies not only to mass density, but any other type of density. Some exam-
ples could include animals per acre of forest, cells per square centimeter of petri dish, or
people per city block. A density physicists are often interested in is charge density (that
is, the amount of charge, Q, per unit area). Charge is measured in coulombs (C). Often,
charge density is given by a function, o(x,y), in units of coulombs per area (such as cm?
or m?). If there is some region, D, with charge distributed across it such that the charge
density can be described by a continuous function, o(x,y), then the total charge, Q, is
given by:

Q= ”D o(x,y) dA
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Example: Charge is distributed over the region B shown in figure 3.3 such that the charge
density is given by o(x,y) = xy, measured in C/m?. Find the total charge.

> X

Figure 3.3: A triangular region over which charge is distributed such that o(x,y) = xy

Solution: We know that total charge is given by:

o o

Examining figure 3.3, we see that:

1l
ﬂ xydA:JJ xy dy dx
B 0J1—x

! 112 1 =1 1/2 1 5
2 3 _ e 3 L4 _ = _ 1Y _ 7
JOZX x” dx = |:3X X —2 3 = C

3.2 Center of Mass

For a thin disk (lamina) of variable density in the xy-plane, the coordinates of the center

of mass, (X, V), are given by:
]U xp(x,y) dA
D

X =
m

—1JJ (x,y) dA

U—m D‘:Jp Y
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where m is the total mass and p is the density of the lamina as a function of x and y.

Example: Find the center of mass of a triangular lamina with vertices at (0,0), (2,0), and
(0,1) and a density function p(x,y) = 2 + x + 3y.

Solution: We begin by visualizing the region so we can determine if it is type I or type II:

209 X

Figure 3.4: Region of integration for the triangular lamina.

Recall that the total mass is given by m = [[ p(x,y) dA. As shown above, we can define
D={(xy)l0<x<2,0<y<1-35k

2 r1—x/2 2 3 y=1-—x/2
m:JJ (2+x—|—3y)dydx:J [2y+xy—|—y2] dx
0Jo 0 27 |y
2 2 2

X X 3 7 3x x
= 2]—* ]—7 7]—72 = _-— - — —
[ [2r=pex-Des0-3r e[ [3-F 5]
o3 7T 7@ 34 8 o o 11
]2 4 24 x:O_ 2 4 24 3 3

Finding x:

3 2 r1—x/2
X=— J [Zx—l-xz—l—Sxy] dy dx

N

y=1—x/2
] dx

X = SJ 2xy +x2y+§xy2
11 Jo 2 y=0

1 Jo [ 2 2 8
_ 3 [7x2 X3 47x=2
=R
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We can similarly find y:

3 (2 (12 ,
y:”JJ {2y+xg+3y} dy dx

_ 3 2 2 X 2 3 y:‘lfx/z
y—”J [y +Zy +y} dx

Therefore, the center of mass (X, y) is (%, %).
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Exercise 10 Center of Mass

) Working Space
Find the center of mass of:

1. A lamina that occupies the area en-
closed by the curves y = 0 and
y = 2sinx from 0 < x < 7 if its
density is given by p(x,y) = x.

2. The region D if D = {(x,y) |0 <
x <4,0 <y <3kplxy) =T+x"+

2

Y

3. The triangular region D with ver-
tices (O>O)/ (231)/ (0)3); p(XaU) =
X+y

\— Answer on Page 55 4
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3.3 Moment of Inertia

We can also use double integrals to find the moment of inertia of a lamina about a par-
ticular axis (we will extend this to three-dimensional objects in the next chapter on triple
integrals). Recall that the moment of inertia for a particle with mass m a distance r from
the axis of rotation is mr?. Dividing a lamina into small pieces, we see that the moment
of inertia of each piece about the x-axis is:

(u5)” o (x5, u3) AA

Where x; and yj; are the x- and y-coordinates of the small piece. The moment of inertia

of the entire lamina about the x-axis is then the sum of all the individual moments:

n n
=55 (u)’e g,yi‘j)AA=”Dyzp(x,y) dA

i=1 j=1

Similarly, the moment of inertia of a lamina about the y-axis is:

n
3 (x5)’ o (xi i) AA = Hszp(x,y) dA

n

i

Example: Find the moment of inertia of a square centered at the origin with side length
r and constant density p about the x-axis.

Solution: We can describe the square as the region bounded by D = {(x,y)| — /2 <x <
r/2,—r/2 <y < r/2} with density function p(x,y) = p. Therefore, the moment of inertia
about the x-axis is given by:

/2 pr/2
I, = J J py2 dy dx
—r/2J—1/2

/2 y=r/2
= pJ [ y3] dx
—-r/2 y=—1/2

B ) Jr/z TS T‘3 q
3,18 U8)] T
r/2 3 3 T/2
:PJ H dx:”’J 1 dx
3 —1/2 4 12 —r/2

_ TPz TR TP
12 =2 T 12

W] —

We can also find the moment of inertia about the origin, I,. This is the moment of inertia
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for an object rotating in the xy-plane about the origin. The moment of inertia about the
origin is the sum of the moments of inertia about the x- and y-axes:

=T+ 1, = HD (xz +y2) o(x,y) dA

Example: Find the moment of inertia about the origin of a disk with density p(x,y) = b,
centered at the origin, with a radius of a. Show that this is equal to the expected moment
of inertia, %MRZ, where M is the total mass of the disk and R is the radius of the disk.

Solution: Since we are examining a circle about the origin, the region can be described

in polar coordinates as D = {(,0) |0 < r < a, 0 < 0 < 2m}. Converting from Cartesian
coordinates to polar coordinates:

I, = ”D (xz + y2> bdA = J: J:ﬂr (1‘2> b do dr

a 27t 4 4
:J r3dT-J bao = & . (2mb) = 40

The total mass of this disk is the density, b, multiplied by the area, mta?. Therefore,

Substituting into the result of our double integral, we see that:

natb 2 a? RZ 1,
2 —(”ab)'(z) M5 = MR

3.3.1 Radius of Gyration

When modeling rotating objects, it can be helpful to have a simplified model. A spinning,
continuous object can be modeled as a point mass by using the lamina’s radius of gyration.
The radius of gyration of a lamina about the origin is a radius, R, such that:

mR? =1,

where m is the mass of the lamina and I is the moment of inertia of the lamina. Essentially,
we are finding a radius such that if the lamina were shrunk down to a point mass and
rotated about the axis at that radius, the moment of inertia would be the same.
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We can also find radii of gyration about the x- and y-axes:
mﬁz =1

=1
TTlX—y

About the origin, R = 1/ X+ ﬁz

Example: Find the radius of gyration about the y-axis for a disk with density p(x,y) =y
if the disk has radius 2 and is centered at (0, 2).

Solution: We are ultimately looking for a radius such that m = Iy, so we need to know
the mass, m, and the moment of inertia about the y-axis, 1. First, let’s find the total mass,
m, of the disk. We can describe the disk in polar coordinates as D = {(1,0) [0 < r <
4sin 6,0 < 0 < 7}, and therefore the mass is given by:

7 r4sin 0
m:” ydA:J J T (rsin®) drde
D 0 Jo

T 4 sin © 1 T
:J sinGJ Tzdrd6:J sine[élrsine]3 do
0 0 3 Jo

64 [T . 4 64 [T /1 —cos20)? 64 (1\?
3 ,[0 sin”0d 3 L < 2 > a0 3 <2)

7T
- {(e — 5in20)57F +J 1+ cosd9 de] _
3 0 3
6

7T
J (1 — 20820 + cos? 29) do
0

1 1 O=n
m+ = | 0+ - sin40
2 4 0—0
16 TT 1 3
=3 |7+ 3] —3<z> = 8m

Now that we have found the mass, let’s find the moment of inertia, I:

2

7T 4sin®
Iy = ” xzy dA = J J T (T cos 6)2 (rsin®) drdo
D 0Jo

e 4 sin O 7 1 0=4sin 6
= J [cos2 0sin O J r dr} do = J cos® 0sin [Srf’} do

’ 0 0 0=0
1024 (7 1024 ™ /1 4 cos 20N /1 — con 20\ 3
ZJ cos?0sin® 0do = 0 J + cos 20 cos 20 46
1024 (1\* [T
:5<2> J (1+ c0s20) (1 —cos20) (1 —cos20)* do
0

_ o

5 Jﬂ (1 — cos’ 26) (1 — 20520 + cos® 26) de

0
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= J 1 —2c0s20 + cos® 20 — cos® 20 + 2 cos® 20 — cos* 20 dO

64 [T 1 40\*
:J 120820 + 2 cos 20 (1—sir1226)—<+cos> 0
5 ), 2
64 (™ 1
:J 1+2coszesm226—7<1 +2cos46+cosz46> do
5 J, 4
64 (™ 1 40 1 /1 80
:5Jo 1 +2C0529811’1229—Z—%—Z (—i—czos> do
_ G50 1 5 sindd  sin80 T4 st
~5 |8 "3° 8 64 |gy 5 8

We have found that m = 8m and I = 87. Substituting to find the radius of gyration:

mﬁ = Iy
(8m)X" = 87
=1

Therefore, the radius of gyration about the y-axis is X = 1

37
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Exercise 11 Moments of Inertia and Radii of Gyration
) ] ) —— Working Space

Find the requested moment of inertia and ‘

radius of gyration of the lamina with the

given density function.

1. about the x-axis, D = {(x,y) | 1 <
x <4, 0 <y <3}, plxy) =xy.

2. about the y-axis, D is enclosed by
the curves y = 0 and y = 2cosx
for —m/2 <x <m/2, p(x,y) = x.

3. about the origin, D = {(1,0) |1 <
r<2,0<0<m,p(r,0)=r.

\— Answer on Page 56 4
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3.4 Surface Area

We have already seen how to find the areas of surfaces of revolution using single-variable
calculus. Now, we will use multivariable calculus to find the surface area of a generic,
two-variable function, z = f(x,y). Suppose a surface, S, is defined by the continuous,
partially differentiable function, f(x,y), over a rectangular region, R (see figure 3.5).

z

z= f(x,y)

Figure 3.5: The graph of f over the region R creates a surface, S

We begin by dividing the region, R, into sub-rectangles, R;;, each with area AA = AxAy.
Then, projecting upwards from the point closest to the origin, (xi,yj,0), we find a point
on the surface, Py = (xi,Vj, f(xi,yj)). Next, there is a small plane, ATj;, tangent to the
surface at Pjj, and the area of the tangent plane is approximately the same as the area of
the surface over the sub-rectangle Ry; (see figure 3.6).



40 Chapter 3. APPLICATIONS OF DOUBLE INTEGRALS

Figure 3.6: The tangent surface, AT;;, is approximately the same surface area as the surface,
Sij, over the sub-rectangle, Ry

It follows that the total surface area of the surface, S, is the sum of all these little tangent
surfaces as the number of tangent surfaces approaches infinity:

m n
As) - tm 33 o,

i=1 j=I1

How can we find an expression for AT;;? We will define two vectors, a and b, that are
equal to the sides of AT;; (see figure 3.7). Geometrically, the area of AT;; is the absolute
value of the cross product of the two vectors. Mathematically,

ATij = Ia X b|
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ST

|
~

Figure 3.7: The vectors a and b define the sides of the tangent surface AT;;

Recall the three unit vectors: i in the x-direction, j in the y-direction, and k in the z-
direction. We can then describe a and b in terms of i, j, and k:

a = Axi + fy(xq,yj) Axk

b = Ayj + fy(xi,y;)Ayk
(Recall that fy is the partial derivative of f(x,y) with respect to x, and fy is the partial
derivative with respect to y.) This is true because the partial derivative of fy gives the

slope of a tangent line parallel to the x-axis, and f, parallel to the y-axis. We then find an
expression for [a x b| (we've omitted some details here):

a x b = —f(xq,yj) AxAyi — fy (x4, y;) AxAyj + AxAyk

Substituting AA = AxAy:
a x b = [—f(xi,yj)i — fy(xi,y;)j + k] AA
To find the area of ATj;, we need to find the length of a x b. Recall that we can use

the Pythagorean theorem to find the length of a vector. For a 3-dimensional vector v =
i + sj + tk, it’s length is given by:

vl = V12 + s+ t?

Applying this, we find the length of a x b (which is the same as the area of AT;;) is:

ATy = | [fx (x4, Y5)i — fy (xi,y5)j + k] AA|
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- \/ x(Xi, Yj AA) + (= fy(Xij)AA)z + (AA)Z

= Iy + [y )12+ 1AA

So, the area of the entire surface over region R is:

:mliri‘oozz\/ fy(x,y)1* + TAA

i=1 j=1

This is the definition of a double integral; therefore, the surface area of a two-variable
function, f(x,y) over a region, R, where f, and f, are continuous, is:

A(S) = ﬂ \/[fx(x,y)]z + [fy (%, y)* + 1dA
R
Using the notation of partial derivatives, this is also expressed as:
az\* | [oz)?
A(S):” 14 (5) +(5) aa
R 0x oy

Example: Find the surface area of the part of the surface z = 2 — y? that lies over the
triangle whose vertices are at (0,0), (0,4), and (3,4).

Solution: We can define R = {(x,y) | 0 < x < 34y, 0 <y < 4}. Additionally,

0z _
ox
%

=2
dy Y

Therefore, the area of the surface that lies above R is:

4 éy
:JJ \/1+02—|—(—2y)2dA:J r V1+4y?dxdy
R 0Jo

4
:J V1+4y2 & dy—4j yv1+4ytdy

0

Let u =1+ 4y?, then du = (8y)dy and (y)dy = %. Substituting:

3 (v 32 5,Y"

Y= y=0
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_ %6 [(1 —|—4y2>3/2]y_4 - %6 [(65)3/2 - 1} ~ 32.69
y=0

Exercise 12 Surface Area of Two-Variable Functions

) Working Space
Find the area of the surface.

1. The part of the plane 9x+6y—3z+

6 = 0 that lies above the rectangle
2,6] x [1,4].

2. The part of the paraboloid in the
circle z = 2x? + 2y? that lies under
the plane z = 32.

3. The part of the surface z = 3xy that
lies in the cylinder x* +y? = 4.

\— Answer on Page 58 4

3.5 Average Value

Recall that the average value of a one-variable function over the interval x € [a, b] is given
by:

1 b
fave = ﬂ Ja f(X) dx

For a two-variable function, the average value over a region, R, is given by:

fave = A(1R) ﬂR f(x,y) dA

Where A(R) is the area of the two-dimensional region.

Example: Find the average value of f(x,y) = xy? over the rectangle with vertices at (—2,0),
(—2,4), (2,4), and (2,0).

Solution: The rectangular region has an area of (2—(—2)) - (4—0) =4-4 = 16. Therefore,
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the average value is given by:

Exercise 13  Average Value

—— Working Space
Find the average value of the function ‘

over the region D:
1. f(x,y) =xsiny, D = [0, 2] x[—7m/2,7t/2]

2. f(x,y) =x+vy, D is the circle with
radius 1 centered at (1,0)

3. f(x,y) =xy, D is the triangle with
vertices at (0,0), (2,0), (2,2)

; Answer on Page 60 4



CHAPTER 4

Multivariate Distributions

The world of probability and statistics doesn’t limit itself to the study of single variables.
Often, we are interested in the interconnections, relationships, and associations among
several variables. In such a scenario, the univariate distributions that we have studied
so far become inadequate. To comprehend the joint behavior of these variables and to
uncover the underlying patterns of dependency, we must turn to the realm of multivariate
distributions.

This chapter aims to introduce the reader to the concept of multivariate probability dis-
tributions. These are probability distributions that take into account and describe the
behavior of more than one random variable. We will start our exploration with a dis-
cussion on the joint probability mass and density functions. These functions extend the
concepts of probability mass and density functions for one variable to the situation where
we have multiple variables.

Next, we will explore important properties of joint distributions, including the concept of
marginal distribution and conditional distribution, which allow us to explore the proba-
bility of a subset of variables while conditioning on, or ignoring, other variables. We will
also introduce the idea of independence of random variables in the multivariate context.

Subsequently, we will discuss some commonly used multivariate distributions such as
the multivariate normal distribution, and the multivariate Bernoulli and binomial distri-
butions. These specific distributions will provide us with practical tools for modelling
multivariate data.

Finally, we will delve into covariance and correlation, two key measures that give us a

sense of how two variables change together. Understanding these measures is critical for
capturing the relationships in multivariate data.

45






APPENDIX A

Answers to Exercises

Answer to Exercise ?? (on page 8)

We have already shown that fg ﬁ xy?dy dx = 4. We will evaluate ﬁ fg xy? dx dy and
see if we get the same result.

3 3 1 x=3
J xyz dx = yZJ x dx = yz [xz]

0 0 P [N

2 9 2
Yy [32 . 02:| _ i

-2 2

Substituting this back into the iterated integral:

2 03 20,2 2
9 9
J J xyzdxdyzj gdyzzJ' yzdy
1Jo 1 1

Answer to Exercise 2 (on page 8)

1. Answer: 3—1. Solution: [j |2 (x]—l— e V) dxdy = [3 (12 +xe V) [T dy =
foG+eY)dy=[y—e? =G0 -e") - (0 -e) =3¢

2. Answer: 18. Solution: fis fg/ 2 (2y +y*cosx) dxdy = f; [2xy + y? sinx] zig/ 2 dy =

=3

I3[y +v2) = (0+0)] dy = [ (my +v?) dy = [Fu? + 3327 = (5(9) + §(27)) -
(3(9) + 1(=27)) =9~ (-9) =18

3. Answer: 6. Solution: [3 [7/*t2sin® 0 d dt = (fg t dt) X <fg/ %sin3 0 d6> = [%tsﬁzz X
(fg/zsinesinze d@) = 9fg/zsin9 (1 —cos?0) do =9 { g/zsiné) de —fg/zsinecoszﬁdS} =

9 [(—cos 0) gig/z + (3 cos’0) gig/z] = 9[—(—cos0) + (—3cos’0)] = 9(1—13) =

47
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?(3) =6

Answer to Exercise 3 (on page 9)

1
137, 25 dydx OR [*, [§ ¥ dxdy

2. [/ [ 58 dtde OR [g [ 58 do dt

Answer to Exercise 4 (on page 10)

L ffarz%d/\ R={y)l0<x<2,-3<y<3)= [0 Fydydx = [§ 7 dx-

-3 x2+1
ji3 y~ dy. To evaluate the integral with respect to x, we use the u-substitution u =
X2 +1, (x)dx = Jdw féﬁdx-f;yzdy = J";‘j)%]aduf yrdy = JInful=3 -
3
VW, = S @24+ 1) I (02 +1)] -} [33 = (=3)°] = }In5 -} (27— (-27)) =
331 = 9In5

[f 228 A, R = {(6, t)IO <0< w30<t < )= [P drde =

{ /3 tan 0 d@] [ e m } Recall that % arcsint = =. Applying FTC, then
[ /3 tan @ de] [ é/zﬁdt} = [ g/StanGdB} : [arc:smt]t 2)/2 = [ 7TBtan@de} :
[arcsin  — arcsin 0] = [ "/ tan 0 de} - [2] = 27358 4p. To evaluate this final
mtegral we use the u-substitution u = cos 0 and —du = sin0d6: gfﬂ/ 3 Sind 4o =

—Z g (7;/3 Ldu=—ZInu |9 S _ Z [In (cos 9)]9 =3 _ Z [In(cos0) —In (cos §)] =

Z[ln1—In} } :”1n]/2 :“InZ

. [fgxsin(x+y)dA, R = [0,7/6] x [0,71/3] = Z)‘/G g/axsin (x +y) dy dx. Recall the

sum formula for sine:

sin (x +y) = sinxcosy + cosxsiny

We can substitute this into our iterated integral:

n/6 /3 /6 (/3
J J xsin(x—i—y)dydx:J J x [sinx cosy + cos x siny] dy dx

o Jo o Jo
Jn/e n/3
0

/3
J xsinxcosy dy+J X cosxsiny dy] dx
0 0
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Let’s designate fg/ 3 xsinx cosy dy as integral A, and fg/ Sx cosx siny dy as integral
B. First, we will evaluate integral A:

/3 /3
J xsinxcosy dy:xsinxJ cosy dy
0 0

= xsinx [siny]ﬁzg/3

. (ﬁ) xV3
=xsmx | — | = ——smnx

. . T .
=xsinx smg —sin0

2

Next, we evaluate integral B:

/3 /3
J xcosxsiny dy :xcost siny dy
0 0

y=m/3

= xcosx [—cosyly_g

=X COSX {—COS%[ — (—cos0)

1
= XCOSX {—2 — (—1)] = %cosx

Substituting back in for integrals A and B:

[

/3

/3
J xsinxcosy dy —i—J

/6 3
X cosxsiny dy] dx:J [X\f sinx + ;cosx] dx
0 0

0 2
7-[/6 ] /6

:J xsinxdx—FJ x cosx dx

2 Jo 2 )o

Again, we will designate fg/ ®xsinx dx as integral C and Ig/ ®x cosx dx as integral
D. We start by using integration by parts to evaluate integral C:

Let u = x and dv = sinxdx. Then, v = —cosx and du = dx. Therefore:

/6 x=11/6 /6
J xsinx dx = [x (—cosx)], _, —J (—cosx) dx
0 0

— [E (— cos E)] —[0(—cos0)] + Sinx|zig/6

6 6
=_Z £—0+ inT _sino— ) T3 _6-m/3
76 2 R R b I )

Next, we will use integration by parts to evaluate integral D. Let u = x and dv =
cosxdx. Then du = dx and v = sinx and therefore:

/6 /6
. X=7/6 .
J xcosx dx = [xsinx],_,"" — J sinx dx
0 0
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[T x=nf6 _ T 1 U

= 6s1r16 OsmO] (—cosx) [ _q c 2+cos6 cos 0
_£+§_1_n+6\f—12
120 2 N 12

Substituting back in for integrals C and D:

\/gj”“ . 1J”/6 V3 (6—mﬁ> 1 <7r+6\/§—12>
- xsmxdx—i—i xcosx dx = — I L e

2 Jo o 2 12 2 12

_6V3-3n+n+6V3—-12 6V/3—-6-—m
B 24 B 12

Answer to Exercise 5 (on page 19)

L[l eV dA = fg fgy eV dxdy = fé’ {efylezzéy} dy = fg 2ye Vi dy = —e*‘legi3 =
1—e 7 ~0.9999
2. [[pxsinydA = fé Igz xsiny dy dx = f(z)xfgz siny dy dx = f(z)x [—cosyli s
= [2x (cos 0 — cosx?) dx = 3 (x—xcosx?) dx = [Ix? — 1 sinx?] ié = 7(2)2—1 (sin2%2 —sin0)
=2—1(sin4—0)=2—54 ~ 2378
3. We can describe the region as D —{( ,y) | =3<x<—-3,—V9—xZ<y<V9—x2L
V9—x2
Therefore, [[, (2y —x) dA = f f \/— (2x—y) dydx= [> 5 [2xy — ;yz]ﬂ_ oz d
= P [ (VI Vo) =L (92 = (9-)) | ax = [PV~ dx. Let
u = 9 —x% then du = —2x and 4x = —2du. Substituting, fig 4xvV9 —x?dx =
[ 2avudu= 2522 = 4 [(9 )2, =0

Answer to Exercise 6 (on page 24)

1. Let’s visualize the region in the xy-plane:
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The region is a quarter-circle that can be described with D = {(1,0) [0 <1 <2, 0 <
0 < m/2}. We can then rewrite the integral in polar coordinates:

2 VAT /2 (2 R
J J e ¥ Y dydx :J J re " drdo
0 Jo o Jo

2. The region is bounded by the x-axis, the line y = x/ /3, and the circle x* + yz =1:
Y

ﬁ
%
:
N[ —
-

i
We see that the region defined in polar coordinates is D = {(1,0) |0 <1 <1, 0 <
0 < 71t/6} . And therefore:

1/2 p/T42 /6 1
J J xyz dx dy :J J T (rcos9) (rsinG)2 dr do
0 JV3y 0o Jo
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/6 1
= J [cos 0 sin? 8] do - J ™ar
0 0

1 1
~(Lawors) (o)
1Y
15 2 120

3. Visualizing the region:

Y
1+

X
1 2

We see that the region is the top half of a circle of radius 1 centered at (1, 0). In
polar coordinates, this region is D = {(r,0) [0 < r < 2¢c0s6,0 < 6 < 7/2}. And

therefore:
2cos 0

/2
VX2 +y? dydx—J J rVr2drdo

2/ 2x—x2
L, o

/2 2cos O /2 q r=2cos 0
J J 2 dr do :J - [rﬂ do
0 3 =0

8 3 8 [/? 5
3J Cos E)d@—gjO cosG(l—sm 6> doe

8 7T/2 7[/2
:§ J cosede—J cos 0sin? 0 do
0 0

0=m/2
(sin 9)9 A <1 sin? 9)
3 0=0

_8
3
8 N
3[1—0— _O)]_s'

Answer to Exercise 7 (on page 25)

We are finding the volume of the solid that lies under the surface z = 4 — x> — y? and
above the xy-plane.
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We can use polar coordinates to simplify the double integral. In polar coordinates, x =
rcos(0) and y = rsin(0), so x* + y? = 2. The volume under the surface and above the
xy-plane is given by

V= ”(4 —12)rdrde, (2.1)

where T ranges from 0 to 2 (since 4 — 12 > 0 if 0 < r < 2) and 6 ranges from 0 to 27t.

Hence,

r2m 2
V= J (4r —13) drdo
\JO O

"27‘[ 1 2

= [2# — —1‘4] de
Jo 4 1,

P27

= (8—4)de

i
=| 4do

So, the volume of the solid is 87t cubic units.

Answer to Exercise 8 (on page 26)

Let’s describe the footprint of the pool as a 20-foot radius circle centered at the origin
(that is, a region D= {(1,0) | 0 < r <20, 0 < 0 < 2m}). Further, let’s take north-south as
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parallel to the y-axis and east-west as parallel to the x-axis. So, the depth of water is then
given by z = f(x,y) = 75x + 3 over the footprint of the pool. The total volume of water

— 0
27 20
7 13
Jo L r<40rcose+2> dr do

27 20
= J J {7r2 cos 0 + 13T:| drdo

is given by:

o Jo 40 2
27t 20 20
:J 7C°SGJ rzdr+13J rdr| do
0 40 Jo 2 )o

27t =20 =20
B 7cos0 (1 ;5 13/1,
B JO [ 40 <3T >'r0 " 2 <2r >r0 ] a0

27t
:J [Msoocose—i—BOO} do = []4300 sme+1sooe}
0

= 26007t cubic feet

0=2m1

0=0

Answer to Exercise 9 (on page 29)

L [fp (1 + %2 +y2) dA = Igfg (1 + x? —|—y2) dydx = fg [y +x%y + %93]3;3) dx — Ig [3 V- %(3)3] A
= [0 (124 3¢) dx = (126423 g = 12(4) + 43 = 112
2. First, let’s visualize this region, since it isn't a rectangle:

Y

X

Let’s divide the triangle horizontally and write equations for each of the sides that
do not lie on the y-axis.
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Y
y=3—x
y=3
- X

We see that we can describe region D as D = {(x,y) [0 < x < 2,5 < y < 3-—

_ =3—
x). Therefore [[,(x+y) dA = [ fx/z (x+y) dydx = [} [xy+;y2]3 2 > dx =

5 [(x(3—=x)) — (x(x/2)) + 3 (3 —x)? —(X/Z) 2)] dx
SB[ 8) (e D s f e o]
s e

Answer to Exercise 10 (on page 33)

1. First, we find the total mass: m = [{ [, 2sInx o qy dx = ol xyly— —5 dx = [ 2xsinx dx.

We apply integration by parts to evaluate the integral: [J 2xsinx dx = (—2x cosx) [{=7+

5 2cosx dx = [-2r(—1)] — (0) + sinx[}=F = 27+ sinmt — sin 0 = 27

Now that we know m = 27[ we can find X and y X = 27{ s zsmxx -xdydx =
o~ Oxy\y —sinx gy — =[x (2sinx) dx = L [Tx?sinx dx.

Applying integration by parts: ]Ejo x?sinx dx = L [x* (—cosx) — [5 2x (—cosx) dx]

=L [(-n?cosm) +2 [yxcosxdx] = L [ +2 [fxcosxdx] = 7't+ = fo x cos x dx.

Applyin§ integration by parts again: 7+ 2 fg xcosx dx = - &snxp=r_ 2 [Hoinx dx
2 z [§sinxdx = +2 = [cos x|} =5 = 7T+ [cos T — cos 0] = 7'[-1—; (—1—-1)= 71—;1T =X

yxdydx—zﬂfo [Ixy dx = - [Fx[2sinx]? dx

=10 475(3{“ xdx = %fo xsin® x dx = 1 [Tx = CozS ) qx =1 L33 dx—1 [Txcos(2x) dx
27%= . = 2 -
["2 ]X o_% [Ixsin (2x)3=F — § [5 sin (2x) dx] = 5= (%)—;—ﬂ [7tsin (271) — 0 + § cos (2x) 7]

— z]Tr [1 COSZT[—COSO)] =7

Zsmx ]y =2sinx

And findingy: y = 271 f 0

S
:1\

1]

Therefore, the center of mass is found at (X,) = (n— 2, %)

2. We know from a previous question that the total mass of this lamina is 112 (see
Finding Total Mass).

Finding %: X = 115 [3 [ax (1+x2 +y?) dydx = 155 [3 [3 (x +x* + xy?) dy dx
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1
i 2] = [ 0P 48— %} iz o 5 = I

T 4 3

Flndmgy:yz&—zfofoy 1+x2+y)dyd><—mfofo[y+xy Y] ydx

1 4 fy? 22 41y=3 1 A3 332, 3 1 4799, 9.2

= T o[%Jsz +%L:de—mfo[7+ 7 +T] dx = 33 o [7 + 3] dx
1799 3.31x=4 3 133 3 3130 _ 365 _ 195

=112 [TX“‘ZXs}x:o:ﬁ [7(4)"‘43] :m(66+64) =224 T2 71

3. We know from a previous question (see Finding Total Mass) that the total mass of D
is 6, and it can be described as D = {(x,y) [0 <x < 2,5 <y <3 —x}
Finding x:

2 =3
6fofx/zx (x+y) dydx = 6f0fx/2 (X +xy) dy dx *é O[xy—i—;yz]z —x/2 ) dx

— é[xz(S—x—z)Jr%((S—X)z—@)z)} dx = ¢ §[3x2—x3—7+§<9—6x+x2—%>} dx
zgf o3 =33 +3(9— 6x+§x2)]2dx = 1232 =33 + 9x —3x2 + 3] dx =

X= . .
fo[zx—gX]dX—HZXZ—%X“]Xzo:%[%—¥]Z%P—%]:%'%:%:%

And finding y:

x|
H

=]

y= 6fofx/2y x+y) dydx = Gfofx/z (xy +y?) dy dx:%fé [§92+%U3]3j;2x dx
=13 (B=0=(3)") +1(B-x'-(3)")] ax

:%jé [" (9 6x +x* — 72) %(27—27x+9x2—x3—%>} dx

:gjg[ (9 6x+3">+§(27—27x+9x2—%)} dx

:%fé [zx 3x X +9— 9x—|—3x 3x3) dx:%fé [9 — 3] dx:%[‘?x—%xz]zj)
=332 } 16-3)=%-3=3

Therefore, the center of mass is (i, y)=(3,3)

Answer to Exercise 11 (on page 38)

4 3 4 1 y=3 1
:J J xy3dydx:J x[gﬂ dx:J 81x dx
1 Jo 1147 1y 4 i

8T ] 81, 5\ 81 1215
—4[2"} S () =T

x=1
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To find the radius of gyration, first we need to find the total mass:

4 03

ijydydx

1Jo

_FX{Z}U% d7<—9J'4xdx—9 ] [xzrﬁl [16—1]—E
2 T2 ~2 )

1 _?
2 x:1_4

Finding the radius of gyration about the x-axis:

Iy = mﬂJ
1215 E )
2 2
9=7
y=3
2.
/2 r2cosx
Iy :” xzp(x,y)dA:J J xzy dy dx
D —n/2Jo
/2 1 y=2cosx 1 (/2
= J X2 [ yz} dx = J x? (2 cosx)? dx
pi2 127 Jyoo 2 ) nn
/2 /2 1 2 /2 /2
:2J xzcoszxdx:ZJ x? (+COSX> dx:J xzdx—i-J x% cos 2x dx
/2 —7/2 2 /2 —7/2

1 31=/2 1,5 x=m1/2 w2 .
=3 [x L:ﬂ/z + 7% sin 2x[ i J_n/z 5 sin 2x (2x) dx

1 7T\ 3 —m\? J“/z
— | = — x sin 2x dx
3 [<2) ( 2 > ] /2

3 /2 /2
I <27[> — [—]x cos ZX] —J (—1 cos 2x) dx
3 8 2 x=—1m1/2 /2 2
s <1 Tt 1 /-—m 1 e
= — + cos (1) — = <> cos (—n)) — [ sian]
12 2 <2) 2\ 2 4 x=—11/2
o T 7T o 7t
:ﬁ+1(_1)+2(_]):ﬁ_§

In order to find the radius of gyration, we need to first know the total mass:

/2 r2cosx
mzﬂ p(x,y)d/\zj J y dy dx
D

/2 J0
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/2 1 s 1 /2 /2
ZJ 2|IJ OSX dx J 4coszxdx:J 1 4 cos 2x dx
/2 27 "2 —n/2 /2
] 7r/2
= [x + = sin 2x} =7
2 x=—m/2

We can then find the radius of gyration about the y-axis:

m?z_ly
2T
X T2 2
- m 1
V1272
3.
2

2 2
4n0=1 4 T 5= T (.5 s 31
= Olp—o dr = dr==-rZ%==-(22-1)==31)=—
LT lo—o dr TELT T N 5( ) 5( ) =

We find the total mass:

2 rm 2
m:” p(x,y)dA:J J rzdedT:J 20/8=7 dr
D 1Jo 1
:nJZr dr——r3| _—(23_1>:E(7):7j
: 3173 3 3

To find the radius of gyration about the origin:

2

()3

R? = =

3
7

e

Answer to Exercise 12 (on page 43)

1. Rearranging the formula for the plane, we find that z = 3x + 2y + 2. Therefore,
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0z/0x = 3 and 0z/0y = 2. Then the surface area is given by:
6 (4 6
:J J V1+32422dy dx:J \/ﬁylgjdx
2 2

J 3V14dx = 3V14x=5 = 12V14

. The paraboloid intersects the plane when 2x?+2y? = 32, which is the circle of radius
4 centered at the origin. So, we are looking for the area of the surface z = 2x? + 2y?
that lies above the region R —{(1,0) [ 0 <1 <4, 0 <0 < 27t}. The surface area is:

” \/1 (4x)* + (4y)* dA = L Lzﬂr\/1 + (41 cos0)? + (4rsin0)? dO dr

4 (2m 4
:J J /1 +16T2d6drzj /141612 [815=3" dr
0Jo 0
4
:J 2mry/ 1+ 16r2 dr
0

Let u =1+ 1612, then du = 32r(dr) and r(dr) = du/32. Substituting:

A= [ vea= 1 (3) [0

27:1 {(1 +ler )3/2} B = [(257)3/2 1] ~ 6470.15
=0

. The region, R, we are interested in is the circle of radius 2 centered at the origin
of the xy-plane, described by R = {(1,0) |0 < r < 2, 0 < 0 < 2m}. Noting that
0z/0x = 3y and 0z/dy = 3x, we see that the surface area is given by:

2 r2n
:JJ \/1 + (3y)* + (3x)? dA:J J V1 +912sin? 0 + 912 cos? 0 dO dr
R 0Jo

2 (2 2
:JJ r\/1+9r2d6dr:2nj V14 9r2dr
0Jo 0

Let u =1+ 972, then du = 18r(dr), which means that r(dr) = du/18. Substituting:

27 (72 T2\ [ 3]
_ _ (2 132
A =73 L_o Vidu=7 <3> [u L:o

- ;l; (14942 1] =

N

o [(37)3/2 _ 1} ~ 52.14

N
N
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Answer to Exercise 13 (on page 44)

1. The area of D is 2m. Therefore, the average value is:

1 1T (2"
I JJstiny dA = Z7IL L xsiny dy dx

1 (? _ 1 (?
_ _ Y=TC 9y _ _
=5 Jo xcosyly:() dx = 7 L x (cos Tt — cos 0) dx

1 (? 1 (?
:ZWL(_X)(_] —1)dx:27TJO 2x dx

2

= —X

1 2‘x:2_
2 =0T

2. Since D is a circle of radius r = 1, the area is A = mr? = . D can be described with

D ={(0)]|0<71<2cos0, —m/2 <06 < m/2}. Therefore, the average value of
f(x,y) =x+y over D is:

1 1 /2 2cos0
71” (x+y) dA—J J r-(rcos®+rsind) drdo
D

fave -
TCJ_n/2J0

1 /2 2 cos 0
= — J (cos 0 + sin 0) U 2 dr] de
0

) —n/2
1 /2 1 r=2co0s 0
=— J (cos O +sinB) - [rﬂ do

) /2 SR

8 /2 8 /2
= — J (cosB +sinB) cos®>0dO = — J <cos4 0 + sin 0 cos® 6) do
37 —n/2 37 /2
/2 1 2 2 0=m/2
= 3 J <+ o 6) do — [1 cos? 6]
3m —n/2 2 4 0=—m/2

- ™2 1 4 cos40
(e+sinze)g_”ff/2+J _

.

—n/2 2

/2
2 J <1+2c0526+c05226) dezi
/2 37

" 3n
2 1 1 N\ 2 1 2 (3n
7t—|—2(9+4sm49> _M[N-FZ(W)}_SW(Z)_]

- 3m 0=—m/2

3. Let’s visualize D:
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(0,0) 2,0)

So, D can be described D = {(x,y) | 0 <x <2, 0 <y < x}. Additionally, D has area
A= % (22) = 2. Therefore, the average value of f(x,y) = xy over D is:

fave = ;HD (xy) dA = ;jj L (xy) dy dx

102 11,7 102, 171,72
ZLX[Zy] dx4J0x dx4[4x]

x=0
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moment of inertia, 34
double integral, 6
iterated integral, 7

mass of lamina, 27

polar double integrals, 20
radius of gyration, 35

total charge, 29
type I region, 11
type Il region, 13
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