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Chapter 1

Bayes’ Theorem

Think about a quiz where you are not sure of the answer. Each clue you see changes how
confident you feel. Let us say that you are holding two bags of marbles. You know that
one bag contains 60 white marbles and 40 red marbles, and you know that the other holds
10 white marbles and 90 red marbles. You do not know which is which, and you cannot
see the marbles.

Your friend says, “Guess which bag is mostly red marbles.” You pick one.

“What is the probability that this is the bag that is mostly red marbles?” You think to
yourself ”There is a 50 percent chance that this bag is mostly red marbles, and there is
also a 50 percent probability that it is the mostly-white-marbles bag.”

You then pick one marble from the bag: it is red. Now you must update your beliefs. It
is more likely that this is the mostly-red-marbles bag. What is the probability now?

Bayes Theorem gives you the rule for updating your beliefs based on new data.

1.1 Bayes Theorem

Let us say you have two events or conditions C and D. C is “The person has a cough”
and D is “The person is waiting to see a doctor.”

Using the chain rule of probability, we now have two ways to calculate p(C AND D):

p(C AND D) = p(C|D)p(D)

(The probability the person is at the doctor multiplied by the probability they have a
cough if they are at the doctor.)

or

p(C AND D) = p(D|C)p(C)

(The probability the person has a cough multiplied by the probability they are at the
doctor if they have a cough.) See Figure1.1
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4 Chapter 1. BAYES’ THEOREM

Figure 1.1: A labelled figure of Bayes’s Theorem Equation.

Thus:
p(D|C) =

p(C|D)p(D)

p(C)

Now, you can calculate p(D|C) (in this case, the probability that you are waiting to see a
doctor given that you have a cough.) if you know:

• p(C|D) (The probability that you have a cough given that you are waiting to see a
doctor)

• p(D) (The probability that you are waiting for a doctor for any reason.)

• p(C) (The probability that you have a cough anywhere)

This formula, known as Bayes’ Theorem, is at the heart of a great deal of modern statistics
and artificial intelligence, from spam filters to self-driving cars. The English minister
Thomas Bayes worked it out before he died in 1761; his friend Richard Price found it in
his papers and published it in 1763.

1.2 Using Bayes’ Theorem

Back to the example at the beginning. To review:

• There are two bags that look exactly the same.
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• Bag W has 60 white marbles and 40 red marbles.

• Bag R has 10 white marbles and 90 red marbles.

• You pull one marble from the selected bag: it is red.

What is the probability that the selected bag is Bag R? Intuitively, you know that the
probability is now more than 0.5. What is the exact number?

In terms of conditional probability, we say we are looking for “the probability that the
selected bag is Bag R, given that you drew a red marble”, or p(BR|DR), where BR is “the
selected bag is Bag R” and DR is “you drew a red marble from the selected bag”.

From Bayes’ Theorem, we can write:

p(BR|DR) =
p(DR|BR)p(BR)

p(DR)

p(DR|BR) is just the probability of drawing a red marble given that the selected bag is
Bag R. That is easy to calculate: There are 100 marbles in the bag, and 90 are red. Thus,
p(DR|BR) = 0.9.

p(BR) is just the probability that you chose Bag R before you drew out a marble. Both
bags look the same, so p(BR) = 0.5. This is called the prior, because it represents what you
thought the probability was before you got more information.

p(DR) is the probability of drawing a red marble. There was 0.5 probability that you put
your hand into Bag W (in which 40 of the 100 marbles are red) and a 0.5 probability that
you put your hand into Bag R (in which 90 of the 100 marbles are red). So

p(DR) = 0.5
40

100
+ 0.5

90

100
= 0.65

Putting it together:

p(BR|DR) =
p(DR|BR)p(BR)

p(DR)
=

(0.9)(0.5)

0.65
=

9

13
≈ 0.69

Thus, given that you have pulled a red marble, there is about a 69% chance that you have
selected the bag with 90 red marbles.
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Exercise 1 A white marble
Working Space

Use the same two bags from the exam-
ple. This time you pull a white marble.
What is the probability that you chose
Bag R?

Answer on Page 53

1.3 Confidence

Bayes’ Theorem, then, is about updating your beliefs based on evidence. Before you drew
out the red marble, you selected one bag thinking it might contain 90 red marbles. How
certain were you? 0.0 being complete disbelief and 1.0 entirely confidence, you were 0.5.
After pulling out the red marble, you were about 0.69 confident that you had chosen the
bag with 90 red marbles.

The question “How confident are you in your guess?” is very important in some situations.
For example in medicine, diagnoses often lead to risky interventions. Few diagnoses come
with 100% confidence. All doctors should know how to use Bayes’ Theorem.

In a trial, a jury is asked to determine if the accused person is guilty of a crime. Few jurors
are ever 100% certain. In some trials, Bayes’ Theorem is an exceptionally important tool.

Exercise 2 A Positive Test
Working Space

A disease affects 1% of people. A test
for it catches 99% of people who have
the disease, but it also comes back pos-
itive for 5% of people who do not. You
test positive. What is the probability that
you have the disease?

Answer on Page 53
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1.4 The Monty Hall Problem

The Monty Hall Problem is a popular example in discrete probability and probability
theory that highlights an application of Bayes’ theorem. You met it as a puzzle in the
Paradoxes chapter and checked it by simulation in the Monte Carlo Simulation chapter.
Now you can prove it.

Here is the scenario1

• A contestant is presented with three doors. Behind one door is a brand new car; behind
the other two doors are goats.

• The contestant selects one of the three doors, say Door A.

• The host, Monty Hall, who knows what is behind each door, then opens one of the
remaining two doors, say Door B, revealing a goat.

• The contestant is then offered the choice to either stick with Door A or switch to the
other remaining unopened Door C.

At first glance, many people assume that after Monty opens a door, there are two doors
left and hence the probability of winning the car is 1/2 regardless of whether one switches
or stays. However, conditional probability and Bayes’ Theorem reveal a different result.

Originally, the probability that you picked the right door, Door A, is p(A has the car) = 1
3 .

Then, Monty Hall reveals Door B to contain a goat behind it. This changes things, as
Door A remains a probability of 1

3 , while Door C, the unopened door, now contains the
summed probability of the other two doors, 2

3 .

Proving this with Bayes’ Theorem:
1A few videos and a movie excerpt on this subject are linked in your digital resources.
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p(Car behind C | Monty opens B) = p(Monty opens B | Car behind C)p(Car behind C)
p(Monty opens B)

=
1 · 1

3

p(Monty opens B | Car behind A)p(Car behind A) + p(Monty opens B | Car behind B)p(Car behind B) + p(Monty opens B | Car behind C)p(Car behind C)

=
1
3

( 12)(
1
3) + 0 · ( 13) + 1 · ( 13)

=
1
3

1
6 +

1
3

=
1
3
1
2

= 2
3

Thus, it is always in your interest to switch. If you ever have the luxury to be on a game
show, make sure to use Bayes’ Theorem before making your guesses.



Chapter 2

Introduction to Markov Chains

2.1 Markov Chains

Today was a Sunny day. Will tomorrow be Sunny too? Your phone’s keyboard faces a
similar question every time it guesses your next word, and Google faced it when it decided
which web pages matter most. All three use the same tool. These are two categorical states
of the weather.

How can I predict the weather? In this case, we are trying to determine values of uncer-
tainty. We are uncertain of the weather the next day, or even, the weather in the next 5
days. How many days previously do I need to know the weather to make an accurate
prediction?

This is the question that Russian mathematician Andrey Markov was curious about:

How much history of a state do you need to predict a current state?

His discovery was the following: you only need to know the current state to predict the
next state. This is now known as the Markov property. We say a process is Markovian if,
given the current state, knowledge of past states provides no additional information about
the next state. This requires that the future state depends only on the present state and not
on the sequence of events that preceded it. In other words, the process has no memory
of past states. Generally, this chapter will deal with discrete-time Markov chains, where the
process evolves in discrete time steps.

Suppose there are 3 days: Yesterday, Today, and Tomorrow. Information about Yesterday’s
weather does not provide any additional information about Tomorrow’s weather once we
know Today’s weather.

P(Tomorrow | Today,Yesterday) = P(Tomorrow | Today)

While weather, in reality, is not perfectly Markovian, this property allows us to model and
predict it using a simplified framework. In a Markov chain, we can represent the states
(Sunny, Rainy, Cloudy) and the probabilities of transitioning from one state to another.

Suppose we classify the weather as either Sunny or Rainy. We would call the state space
S = {Sunny, Rainy}. Notice the special S in the notation S, which stands for state space.

9



10 Chapter 2. INTRODUCTION TO MARKOV CHAINS

Based on historical observations, we might estimate the following probabilities:

• If today is Sunny, tomorrow will be Sunny with probability 0.8 and Rainy with proba-
bility 0.2.

• If today is Rainy, tomorrow will be Sunny with probability 0.4 and Rainy with proba-
bility 0.6.

These probabilities completely describe ourMarkov chain. Once we know today’s weather,
we can predict the probabilities for tomorrow’s weather without needing to know what
happened last week.

The states and transitions probabilities can be represented using aMarkov chain, also called
a state diagram,(which looks similar to a graph!):

Sunny Rainy

0.8

0.2

0.4

0.6

Figure 2.1: A Markov chain representing the weather with two states: Sunny and Rainy.
The arrows indicate the probabilities of transitioning from one state to another.

Here, given the state of the weather today, we can predict the probabilities of the weather
tomorrow by following the chain of arrows. There is a great visualization of Markov
chains in your digital resources.

We can generalize the Markov property as the following equation:

P(Xn+1 = j | X0, X1, . . . , Xn) = P(Xn+1 = j | Xn)

where X0, X1, . . . , Xn are states of a given process at times 0, 1, . . . , n respectively. This
means that the probability of transitioning to a next or future state j depends only on the
current state Xn and not on any of the previous states.

As the number of states increases, the Markov chain can become more complex. However,
the Markov property still holds, allowing us to model and analyze processes in the form
of a matrix of transition probabilities. This matrix, known as the transition matrix, captures
the probabilities of moving from one state to another in a compact form.
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Exercise 3 Frank’s Hot Dog Chain
Working Space

Frank is opening a new hot dog stand.
Depending on how much they like his
hot dogs, new customers have a chance
of becoming a regular customer. If they
do not like them, they may become an
inactive customer.

A new customer has a 40% chance of re-
maining new, a 50% chance of becoming
regular, and a 10% chance of becoming
inactive.

A regular customer has a 10% chance of
reverting to new, an 80% chance of stay-
ing regular, and a 10% chance of becom-
ing inactive.

An inactive customer has a 20% chance
of returning as new, a 30% chance of be-
coming regular, and a 50% chance of re-
maining inactive.

Assuming the Xn are the states at of the
n-th visit to the store (such that X0 =⇒
First Visit),

1. Identify the state space of this Markov
chain.

2. Draw a Markov chain to represent
this process.

3. Simplify this using the Markov prop-
erty, and solve for the following prob-
ability:

P(Xn+1 = R | Xn = I, Xn−1 = R,Xn−2 = N)

Answer on Page 53
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2.2 Transition Matrices

A transition matrix (also sometimes called a stochastic matrix) records the probability of
moving from one state to another in a Markov chain. Each row corresponds to the current
state, and each column corresponds to the next state.

A transition matrix P for a Markov chain with n states can be represented as follows:

P =

Xt+1

Xt 1 2 · · · n

1 p11 p12 · · · p1n

2 p21 p22 · · · p2n
...

...
... . . . ...

n pn1 pn2 · · · pnn

where the rows represent Xt (current state at time t) and the columns represent Xt+1

(next state at time t+ 1).

The entry Pij represents the probability of transitioning from state i at time t to state j at
time t+ 1. In probability notation, we can express this as:

Pij = P(Xt+1 = j | Xt = i)

For the weather example, the transition matrix is

P =
Sunny Rainy

Sunny 0.8 0.2

Rainy 0.4 0.6

The entry in row i and column j gives the probability of moving from state i to state j in
a single time step.

Exercise 4 Frank’s Hot Dog stand, returns
Working Space

Suppose Frank’s hot dog stand is still
running strong, but the customers are
getting harder to please. The states still
remain S = {N,R, I}. The transition
probabilities have changed, and the new
transition matrix is given by:
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P =

0.50 0.30 0.20

0.15 0.65 0.20

0.10 0.15 0.75


1. Find the probability that a regular

customer becomes an inactive cus-
tomer on their next visit.

2. Find the probability that an inactive
customer becomes a regular customer
after two visits.

3. Find the probability that a new cus-
tomer becomes an inactive customer
after three visits.

Answer on Page 54

From this exercise, we saw how to calculate the probability of transitioning from one state
to another after multiple steps. This can be done bymultiplying the transition probabilities
along the path of states and summing over all possible paths.

We can also do this process using matrix multiplication. Specifically, if we want to find
the probability of transitioning from one state to another after k steps, we can compute
the k-th power of the transition matrix Pk. The entry in row i and column j of Pk will give
us the probability of transitioning from state i to state j in exactly k steps.

The transition matrix P gives probabilities for one state change. To find probabilities after
two state changes, we compute P2. This is done by multiplying the transition matrix by
itself:

P2 = P × P

For example, using the hot dog stand transitionmatrix, we would represent the probability
of transitioning from a new customer to an regular customer after two steps as:∑

k

PN,k · Pk,R = P2
N,R

where k ranges over all possible intermediate states (new, regular, inactive).

Therefore, if we want the probability of moving from state i to state j after two steps, we
look at the (i, j) entry of P2, written (P2)ij.
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Generally we can represent this as the following equation:

Pk
ij = P(Xn+k = j | Xn = i)

where Pk
ij is the entry in row i and column j of the matrix Pk. This gives us the probability

of transitioning from state i to state j in exactly k steps.

Probability Distribution after k steps = Pk

Note that only square matrices are possible here, which means the number of states must
be the same for the current and next state. This is a common assumption in Markov
chains, as it allows us to model processes where the set of possible states does not change
over time.

Exercise 5 Chemical Change
Working Space

A chemical changes colors approxi-
mately every 30minutes. The state space
of this chemical is S = {Green,Blue}.

P =

[
0.2 0.8

0.1 0.9

]

Find the P3, the transition matrix after
90 minutes. Then, find P(Xn+3 = Green |

Xn = Blue).

Answer on Page 55

2.3 Steady State Distribution

For many Markov chains, these probabilities eventually stabilize as k → ∞. That is, after
a large number of transitions, the proportion of the probability of each state approaches a
fixed value. This long-run behavior is known as the steady-state distribution or equilibrium
distribution of the Markov chain.

A steady-state distribution has a special property: applying the transition matrix does not
change it. Because each row of P describes where you go from, we write a distribution as
a row vector π and multiply on the left. If π is a steady-state distribution, then
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πP = π.

In other words, once the chain reaches equilibrium, the probabilities remain unchanged
from one time step to the next. Transposing gives PTπT = πT : this is the eigenvector
equation for PT with eigenvalue 1. So steady-state distributions can be found by finding
that eigenvector and then scaling its entries so that they sum to 1.

Worked example. For the weather chain, let π = (s, r). Then πP = π says 0.8s+ 0.4r = s,
so 0.4r = 0.2s, or s = 2r. Since s+ r = 1, π =

(
2
3 ,

1
3

)
. In the long run, two days out of three

are sunny, no matter what the weather is today.

The following example illustrates how eigenvectors can be used to determine the long-run
proportion of time a Markov chain spends in each state.

Exercise 6 Markov Chain in the form of Transition Matrix
Working Space

This question is taken from an IB practice
exam. A Markov Chain has two possible
states, A and B. The transition matrix P is
given by (each row sums to 1):

P =

[
p 1− p

1− q q

]
Given one of the eigenvalues is 1.

1. Solve for the eigenvector correspond-
ing to the eigenvalue 1.

2. Find an expression for the proportion
of time the Markov chain spends in
state A in the long run in terms of p
and q.

3. Hence or otherwise, find the propor-
tion of time spent in state A when p =
0.3 and q = 0.6.

Answer on Page 55
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2.4 Applications

2.4.1 PageRank

Imagine an individual browsing the internet. They start on a random webpage and click
on links to navigate to other pages. The probability of moving from one webpage to
another can be modeled as a Markov chain, where each webpage represents a state and
the links between pages represent transitions with certain probabilities.

In this case, each page is a state and each link from one page to another represents a
transition with a certain probability. The transition probabilities can be determined based
on the structure of the web, such as the number of links on each page and the likelihood
of a user clicking on those links. If a page has more links, the probability of transitioning
to any particular linked page is lower. For example, if page i has 3 outgoing links, the
probability of transitioning to each linked page would be 1

3 . The more links to a given
page that exist (called incoming links), the more “important” that webpage is. The pages
and links form a directed graph.

Now, if we want to find the long-run proportion of time a user spends on each webpage,
we can use the steady-state distribution of this Markov chain. The steady-state distribution
will give us the PageRank of each webpage, which is a measure of its importance based
on the structure of the web. A few issues arise in this model, such as the presence of dead
ends (pages with no outgoing links) and spider traps (sets of pages that link to each other
but not to the rest of the web). To find the ultimate page rank, we can use a modified
version of the transition matrix that consists of a stabilized probability

πn+1 = πnP

eventually this will converge to a steady-state distribution π such that πP = π. This is
the PageRank vector (similar to the eigenvector discussed above), which gives the relative
importance of each webpage in the long run.

There may be an additional damping factor (d) that is introduced to compensate for the
possibility that a user randomly stops following links and instead jumps to a different
random page. This is often set to around 0.85. The probability that they instead jump to
any random page is 1−d, usually 0.15. In matrix terms, this leads to a modified transition
model

G = dP + (1− d)
1

n
J,

where J is the all-ones matrix and n is the number of pages. This ensures the resulting
chain is irreducible and aperiodic, so the steady-state distribution exists and is unique.
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2.4.2 Hidden Markov Models and NLP

Hidden Markov Models (HMMs) are an expanded version of a Markov Process. In addition
to having probabilities about transition from state to state, it also has influencing observa-
tions, called emissions. An emission is a visible output generated by those the states in play,
often which are hidden or not visible.

Assume you have a patient in a hospital with two possible states: S = {Sick,Healthy}.
You cannot know the exact state at a current time with certainty. However, you have
three observable factors: O = no fever, fever, cough. You may also see the emission states
symbolized with E .

For each state change observation (for this example, once a day), you need both the
transition matrix and the emission matrix. We will define the transition matrix T and
emission matrix E as follows:

T =

[
0.8 0.2

0.3 0.7

]
, E =

[
0.1 0.5 0.4

0.7 0.1 0.2

]
Note that the emission matrix is not necessarily square. In real life examples, there would
be probably hundreds of possible states, each with tons of possible emissions.

The emission matrix describes the probability of observing each symptom given a partic-
ular hidden state. For example,

P(fever | Sick) = 0.5,

while

P(no fever | Healthy) = 0.7.

Suppose that over three consecutive days we observe the symptom sequence

fever → cough → no fever.

These observations alone do not reveal the patient’s true health state. One possible hidden
state sequence is

Sick → Sick → Healthy,
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while another is

Healthy → Sick → Healthy.

The goal of an HMM is to infer the most likely hidden state sequence that generated the
observed emissions.

While we will not discuss them in this book, there are algorithms such as the Forward and
Viterbi algorithms that can track and guess that most likely future state given the states
available, or most likely emissions given a set of states. These use dynamic programming,
a method that breaks a problem into smaller overlapping pieces and stores the results,
which you learned in the Dynamic Programming chapter.

2.4.3 Natural Language Processing

Another strong use of HMM is the basics of Natural Language Processing, and ultimately,
predictive AI text, such as recommended words above your phone’s keyboard.

Say we have a set of states represent parts of speech

S = {Noun,Verb,Adjective, . . . }

These states are hidden because when you read a sentence, you only see the words, not
their correct grammatical labels.

The observations are the words themselves:

O = {dog, runs, fast, . . . }

Suppose we are given the sentence dog runs fast. The observations are known, but the
hidden states are not. One possible hidden-state sequence, with fast as an adjective, is

Noun → Verb → Adjective

The transition matrix models how likely one grammatical tag is to follow another. For
example,

P(Verb |Noun) = 0.6
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might represent that verbs frequently follow nouns in the natural spoken language. The
emission matrix models how likely a word is to be generated by a particular tag. For
example,

P(dog | Noun) = 0.4, P(runs | Verb) = 0.5

Exercise 7 NLP Exercise
Working Space

Suppose an HMM uses the following
part-of-speech tags:

S = {Noun (N),Verb (V),Adjective (A)}.

From a training dataset of words, the fol-
lowing transition probabilities were esti-
mated:

T =

0.2 0.5 0.3

0.4 0.4 0.2

0.6 0.2 0.2


where the rows and columns correspond
to the states

(Noun,Verb,Adjective).

Find the probability that an adjective
occurs after a noun followed by a verb.
That is, compute

P(N → V → A).

Answer on Page 56





Chapter 3

Antiderivatives

In your study of calculus, you have learned about derivatives, which allow us to find
the rate of change of a function at any given point. Derivatives are powerful tools that
help us analyze the behavior of functions. Now, we will explore another concept called
antiderivatives, which are closely related to derivatives.

Think about a car on a trip. If you know the speed at every moment, the antiderivative tells
you how far the car has traveled. An antiderivative, also known as an indefinite integral
or primitive, is the reverse process of differentiation. It involves finding a function whose
derivative is equal to a given function. In simple terms, if you have a function and you
want to find another function that, when differentiated, gives you the original function
back, you are looking for its antiderivative. Consider the graph of f(x) below. We can
sketch a possible antiderivative of f by noting the slope of the antiderivative is equal to
the value of f. We will refer to the antiderivative of f as F(x) (that is, F ′(x) = f(x)).

0.5 1 1.5 2

−2

−1

1

2

x

f(x)

Figure 3.1: Plot of f with select points

If we are given a coordinate for F(x), then we can use the graph of f(x) to sketch F(x).
Suppose we know that F(0) = 1. From the graph of f, we also know that

21
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x f(x) = slope of F(x)
0 -2

≈ 0.3 0
≈ 0.6 ≈ 0.5

1 0
≈ 1.4 ≈ −0.4

≈ 1.7 0
2 2

0.5 1 1.5 2

0.5

1

1.5

x

f(x)

Figure 3.2: Beginning sketch of F(x)

We can then connect these slopes to have an approximate sketch of F(x):

0.5 1 1.5 2

0.5

1

1.5

x

f(x)

Figure 3.3: Sketch of F(x)
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The symbol used to represent an antiderivative is
´
. It is called the integral sign. For

example, if f(x) is a function, then the antiderivative of f(x) with respect to x is denoted
as
´
f(x)dx. The dx at the end indicates that we are integrating with respect to x.

Another way to state this is that F is the antiderivative of f on an interval, I, if F ′(x) = f(x)
over the interval. The relationship between f and F is discussed more in the chapter on
the Fundamental Theorem of Calculus.

Finding antiderivatives requires using specific techniques and rules. Some common an-
tiderivative rules include:

• The power rule: If f(x) = xn, where n is any real number except −1, then the an-
tiderivative of f(x) is given by

´
f(x)dx = 1

n+1x
n+1 + C, where C is the constant of

integration.

• The constant rule: The antiderivative of a constant function is equal to the constant
times x. For example, if f(x) = 5, then

´
f(x)dx = 5x+ C.

• The sum and difference rule: If f(x) and g(x) are functions, then
´
(f(x) + g(x))dx =´

f(x)dx+
´
g(x)dx. Similarly,

´
(f(x) − g(x))dx =

´
f(x)dx−

´
g(x)dx.

Antiderivatives have various applications in mathematics and science. They allow us to
calculate the total accumulation of a quantity over a given interval, compute areas under
curves, and solve differential equations, among other things.

3.1 General Antiderivatives

It is important to note that an antiderivative is not a unique function. Since the derivative
of a constant is zero, any constant added to an antiderivative will still be an antiderivative
of the original function. This is why we include the constant of integration, denoted by
C, in the antiderivative expression.

Stated formally, if F is an antiderivative of f on interval I, then the most general antideriva-
tive of f on I is F(x) + C, where C is an arbitrary constant.

A concrete example of this is f(x) = x2. Let us define F(x) such that F ′(x) = f(x). That is,
there is some function F such that the derivative of F is x2. One possible solution for F is
F(x) = 1

3x
3. You can check using the power rule that d

dxF(x) = f(x). What if we added or
subtracted a constant from F? Let us define G(x) = 1

3x
3 + 2. Well, G ′(x) = f(x) also! The

same applies for H(x) = 1
3x

3 − 7. Several possible antiderivatives of f(x) = x2 are shown
in figure 3.4.



24 Chapter 3. ANTIDERIVATIVES

−3 −2 −1 1 2 3

−10

−5

5

10

15

x

y
C = −5

C = −3

C = −1

C = 1

C = 3

C = 5

Figure 3.4: If F ′(x) = x2, then the general solution is F(x) = 1
3x

3 + C

Since taking a derivative ”erases” any constant, you must always add back in the unknown
constant, C, when finding the general antiderivative.

3.2 Specific Antiderivatives

If you are given a condition, you can often solve for C and find a specific antiderivative.
For example, suppose that in addition to knowing that F ′(x) = x2, we also know that
F(3) = 2. We can use the fact that F passes through (3, 2) to find the value of C:

F(x) =
1

3
x3 + C

F(3) =
1

3
(3)3 + C = 2

9+ C = 2

C = −7

Therefore, the specific solution to F ′(x) = x2 with the condition that F(3) = 2 is F(x) =
1
3x

3 − 7.

3.3 Antiderivatives of Trig Functions

We already know that d
dx sin x = cos x. Taking sin x to be F(x) and cos x to be f(x), we see

that F ′(x) = f(x) and therefore, sin x is the antiderivative of cos x.
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Exercise 8

Working Space
What is the antiderivative of sin x? Ex-
plain your answer.

Answer on Page 57

You should have found that the antiderivative of sin x is − cos x. Other general antideriva-
tives of trigonometric functions are presented in the table below.

Function Antiderivative
cos x sin x+ C

sin x − cos x+ C

sec2 x tan x+ C

sec x tan x sec x+ C

− csc2 x cot x+ C

− csc x cot x csc x+ C

Notice this is the flipped version of the derivatives of trigonometric functions presented in
the Rules for Finding Derivatives chapter. This hints at the relationship between deriva-
tives and integrals: they are opposite processes.

3.4 Other Important Antiderivatives

The power rule only applies when n 6= −1. So, what is the antiderivative of f(x) = 1
x?

Recall from the chapters on derivatives that d
dx ln x = 1

x (see figure 3.5a). Therefore, the
general antiderivative of 1

x is ln |x| + C. We have to take the absolute value because of
the domain restrictions of ln x. Notice that for x < 0, the slope of ln |x| is negative and
decreasing (becoming more negative), and the value of 1

x is also negative and decreasing.
Similarly, for x > 0, the slope of ln |x| is positive and decreasing (becoming less positive)
and the value of 1

x is also positive and decreasing.

Since the derivative of ex is ex, it follows that the general antiderivative of ex is ex + C.
What if there is a multiplying factor in the exponent, such as ekx? Recall that d

dxe
kx = kekx.

It follows that d
dx

1
ke

kx = ekx. Therefore, the general antiderivative of ekx is 1
ke

kx + C. (See
figure 3.5b for an example where k = 2.)
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(b) e2x and its antiderivative 1
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Figure 3.5: Two examples of functions and their antiderivatives.

Often, the base of an exponential function is not e. We can also find the general an-
tiderivative of bx, where b 6= e. Recall that d

dxb
x = lnbbx. Therefore, d

dx
1

ln bb
x = bx, and

the general antiderivative of bx is bx

ln b + C.

3.5 Higher order antiderivatives

What if we are given the second order derivative, or a higher order? Take this example:
f ′′(x) = 2x+3ex. The antiderivative of f ′′ is f ′. Applying the power rule and knowing the
antiderivative of ex is ex, we find that f ′(x) = x2 + 3ex + C1. We designate the constant
as C1, because we will have to determine the antiderivative a second time and we do not
want to confuse our constants with each other. To find f, we apply the power rule again,
and we find that f(x) = 1

3x
3 + 3ex + C1x + C2. You can check if this is correct by taking

the derivative of f(x) twice, which should yield the f ′′(x) originally given.

In summary, antiderivatives are the reverse process of differentiation. They help us find
functions whose derivatives match a given function. Understanding antiderivatives is
crucial for various advanced calculus concepts and real-world applications.

Next, you will see the other half of the story: how adding up many thin rectangles (Rie-
mann sums) measures the area under a curve, and why that area turns out to be an
antiderivative.

3.6 Additional Practice
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Exercise 9

Working Space
A particle moving in a straight line has
an acceleration given by a(t) = 6t+4 (in
units of cm

s2
). If its initial velocity is−6 cm

s

and its initial position is 9cm, what is the
function s(t) that describes the particle’s
position in cm?

Answer on Page 57

Exercise 10

Working Space
Let f ′(x) = 2 sin x. If f(π) = 1. Write an
expression for f(x).

Answer on Page 57

Exercise 11

Working Space
Find the general antiderivatives of the
following functions:

1. f(x) = x2 + 2x− 4

2. g(x) =
3
√
x2 + x

√
x

3. h(x) = 1
5 −

2
x

4. r(θ) = 2 sin θ− sec2 θ

Answer on Page 57
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Exercise 12

Working Space
Find the f that satisfies the given condi-
tions:

1. f ′(θ) = sin θ+ cos θ, f(π) = 2

2. f ′′(x) = 12x2 + 6x − 4, f(0) = 4 and
f(1) = 1

Answer on Page 58



Chapter 4

Riemann Sums and Sigma
Notation

4.1 The Meaning of the Area Under a Function

Let us look at the example of a hammer tossed in the air from a previous chapter. As you
may recall, if a hammer is tossed up from the ground at 5 m/s, its velocity can be described
as v(t) = 5 − 9.8t (on Earth, where the acceleration due to gravity is approximately −9.8
m
s2
). The velocity function of our hammer from when it is tossed (t = 0) to when it hits

the ground t ≈ 1.02) is shown in figure 4.1.

0.2 0.4 0.6 0.8 1

−4

−2

2

4

t(sec)

v(m/s)

Figure 4.1: Velocity of a hammer thrown upwards at 5 m/s

Now, suppose we only have this velocity function, and we want to know how high above
its initial position the hammer is tossed. Examine the graph: At approximately what time
does the hammer reach its peak height? (Hint: what should the hammer’s velocity be
when it reaches its peak?). At the highest point of its flight, the hammer’s velocity will
be 0 m

s , which occurs at approximately t = 0.5s (it is actually t = 0.5102s but we do not
need to be that precise for this example).

Now that we know when the hammer reaches its peak, how can we determine how high
that peak is? Recall that velocity is the slope of the position-time graph. Since slope is
change in position divided by change in time (in this case, as time is on the x-axis and
position on the y-axis), then the slope must have units of [position]/[time] which could
be m

s ,
miles
hr , and so on. These are units of velocity!

29
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In figure 4.1, you can see that the units on the x-axis are seconds, and on the y-axis, the
units are m

s . If we are looking for a displacement (that is, how far from its initial position
the hammer has traveled), we are looking for a solution with units of meters. To yield an
answer with those units, we would not use the slope of the graph; this would yield an
answer with units m

s2
, the units for acceleration. Instead, we need to multiply! The area

between the velocity function and the x-axis (see figure 4.2) can be found this way:

Area =
1

2
bh

where b is the base of the triangle and h is the height.

Area =
1

2
(0.5s)(5

m

s
)

Area = 1.25m

0.2 0.4 0.6 0.8 1

−4

−2

2

4

t (sec)

v (m/s)

Figure 4.2: The area under v(t) from x = 0 to x = 0.5 is equal to the displacement of the
hammer

Notice that when we multiply a time (in s) by a velocity (in m
s ), the seconds cancel,

leaving meters. Therefore, the hammer reaches a peak height of ≈ 1.25 m, which you can
confirm by examining the graph originally presented for the hammer toss in the chapter
on graph shape.

4.1.1 Determining the Meaning of the Area with Units
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Exercise 13

Working Space
What units will the area shown in the
graph have? Based on your answer,
does the area represent a displacement,
a net change in velocity, or a net change
in acceleration? Calculate the shaded
area [hint: areas below the x-axis are
negative]. Write a sentence in plain
English explaining what the area you
calculated means.

2 4 6 8 10

−2

2

4

6

t(sec)

acceleration(m
s2
)

Answer on Page 58

Exercise 14

Working Space
The graph below shows historical data
of the number of deaths due to SARS in
Singapore over several months in 2003.
What would the area under the curve
represent?
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Answer on Page 58

Exercise 15

Working Space
Oil leaked from a tank at a rate of r(t)
liters per hour. A site engineer recorded
the leak rate over a period of 10 hours,
shown in the table. Plot the data. How
could you estimate the total volume of
oil lost?

t(h) 0 2 4 6 8 10
r(t)(L/h) 8.7 7.6 6.8 6.2 5.7 5.3

Answer on Page 59

4.2 Estimating the area under functions

In the hammer example above, it was easy to determine the area under the function, since
the area took the shape of a triangle. However, what about finding the area under a more
complex function, such as f(x) = sin x+ x (shown in figure 4.3)?
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Figure 4.3: f(x) = sin x+ x

How can we determine the area under f(x) = sin x + x from x = 0 to x = π? We can
estimate the area of that region by dividing the region into rectangles, finding the areas
of the rectangles, and adding the areas. As an example, we will divide the region under
f(x) = sin x+ x into 4 intervals, shown in figure 4.4.

π
4

π
2

3π
4

π

1

2

3

A1 A2 A3 A4

x

y

Figure 4.4: f(x) = sin x+ x divided into 4 regions

As you can see in figure 4.4, each rectangle will have a width of π
4 . But what about

the height? One way is to use the value of the function at the rightmost value of each
rectangle, as shown in figure 4.5.
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π
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π
2

3π
4

π
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R1 R2 R3 R4
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y

Figure 4.5: Four rectangle sections with heights determined by rightmost value of f(x) on
each interval

We can easily calculate the areas of each of these rectangles:

π

4
× f(

π

4
) +

π

4
× f(

π

2
) +

π

4
× f(

3π

4
) +

π

4
× f(π)

≈ π

4
× (1.4925+ 2.5708+ 3.0633+ 3.1416) = 8.0646

Based on figure 4.5, will the calculated area be an overestimate or an underestimate? Each
of the rectangles overshoots the function, so this will be an overestimate. What about using
the leftmost value of f(x) of each interval to determine the height of the rectangles? This
is shown in figure 4.6.
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Figure 4.6: Four rectangle sections with heights determined by leftmost value of f(x) on
each interval

Notice that because f(0) = 0, the height of the first rectangle is zero, so we do not see it
on the graph. To find the area of these rectangles:

π

4
× f(0) +

π

4
× f(

π

4
) +

π

4
× f(

π

2
) +

π

4
× f(

3π

4
)

≈ π

4
× (0+ 1.4925+ 2.5708+ 3.0633) = 5.5972

This is an underestimate. Therefore, the true value of the area under f(x) = sin x + x is
between 5.5972 and 8.0646. This is an awfully wide window! We can narrow our estimate
by increasing the number of intervals. Graphs of f(x)with 10 intervals are shown in figure
4.7.
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(a) Left-endpoint Riemann sum
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(b) Right-endpoint Riemann sum

Figure 4.7: Riemann sum approximations of f(x) = sin x + x on [0, π] using 10 equal
subintervals.
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The total area for the left-determined rectangles is ≈ 6.4248, and for the right-determined,
it is ≈ 7.4118. Therefore, we have narrowed the range for the true area under the curve to
6.4248 < A < 7.4118. In general, as you increase the number of intervals, you get closer
to the true area.

For a strictly increasing function, the right sum will be an overestimate and the left sum
will be an underestimate of the true area under the curve. In the exercise below, you will
examine a strictly decreasing function:

Exercise 16

Working Space
Estimate the area under the graph of
f(x) = 1

x from x = 1 to x = 2 using four
rectangles and right endpoints. Sketch
the graph and the rectangles. Is your
estimate an overestimate or an underes-
timate? Repeat using left endpoints.

Answer on Page 59

You should have found that for the strictly decreasing function f(x) = 1
x , the right-

determined sum is an underestimate, while the left-determined sum is an overestimate.

4.3 The Riemann Sum

In the previous section, we estimated the area under functions by dividing the area into
approximating rectangles. This method is called a Riemann Sum. We will use a general
example to formally define the Riemann sum. Consider a generic function divided into
strips of equal width (shown in figure 4.8). The width of each strip is

∆x =
b− a

n

where a is the left endpoint of the interval, b is the right endpoint of the interval, and n

is the number of strips. So, the right endpoints of the sections are

x1 = a+ ∆x

x2 = a+ 2∆x

. . . xn = a+ n∆x
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As above, we can use the value of the function to determine the height of a rectangle
whose area approximates the area of the section. (E.g. for the ith strip, the width is ∆x

and the height is f(xi), see figure 4.9). So, the total area approximated by the rectangles
is

Rn = f(x1)∆x+ f(x2)∆x+ . . .+ f(xn)∆x

This is the formal definition of the right Riemann sum. You can also take a left Riemann
sum or a midpoint Riemann sum, as discussed below.

a x1 x2
. . . xi−1 xi

. . . xn−1 b

A1 A2 Ai An
… … … …

x

y

Figure 4.8: A representative function divided into n strips of equal width
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a x1 x2
. . . xi−1 xi

. . . xn−1 b

x

y

Figure 4.9: A representative function divided into n rectangles of equal width, with rect-
angle height determined by the right endpoint of the subinterval

4.3.1 Right Riemann Sums

As seen above, a right Riemann sum uses the right-most value of f(x) to determine the
height of the rectangle (an example is shown in figure 4.10). We will refer to the right
Riemann sum as Rn, where n is the number of intervals.

1 1.5 2 2.5 3

0.2

0.4

0.6

0.8

1

1.2

x

f(x)

Figure 4.10: R4 for f(x) = 1
x

4.3.2 Left Riemann Sums

When taking a left Riemann sum, the height of the rectangle is determined by the value of
the function at the lower (left-most) x-value. See figure 4.11. We will refer to left Riemann
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Figure 4.11: L4 for f(x) = 1
x

sums as Ln, where n is the number of intervals. So, the total area approximated by a Left
Riemann sum is

Ln = f(x0)∆x+ f(x1)∆x+ . . .+ f(xn−1)∆x

4.3.3 Midpoint Riemann Sums

A midpoint Riemann sum uses the value of f(x) at the midpoint of the division to deter-
mine the height of the rectangle, as shown in figure 4.12. We will refer to the midpoint
Riemann sum as Mn, where n is the number of intervals. So, the total area approximated
by the rectangles is

Mn = f(
x0 + x1

2
)∆x+ f(

x1 + x2
2

)∆x+ . . .+ f(
xn−1 + xn

2
)∆x
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Figure 4.12: M4 of f(x) = 1
x

4.3.4 Trapezoidal Rule

We have established that the Left Riemann Sums are an underestimate and Right Riemann
Sums are an overestimate, generally speaking for increasing functions. The Midpoint Rie-
mann Sum generally gets more accurate, but still only uses one point of reference for the
estimation. What if, instead, we used two? Specifically, we could use the two upper cor-
ners of the rectangle, which, if at different heights, form a trapezoid. Recall that the area

of a trapezoid is A =
(a+ b)

2
h. This allows us to use what is called the Trapezoidal Rule.

Let us look back at our f(x) = sin x+ x example.
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Figure 4.13: f(x) = sin x+ x
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We have established that f(x) is increasing on [0, π]. What we want to do is take the
average of the left and right riemann sums. On each subinterval, the left Riemann sum
uses a rectangle with height f(xi), while the right Riemann sum uses a rectangle with
height f(xi+1). Averaging these two rectangle areas gives

f(xi) + f(xi+1)

2
∆x

which is exactly the area of a trapezoid whose parallel sides have lengths f(xi) and f(xi+1).
Therefore, averaging the left and right sums is equivalent to approximating the regionwith
trapezoids instead of rectangles.

Tn =
Ln + Rn

2

For our example, we found that

L10 ≈ 6.4248, R10 ≈ 7.4118

Finding our average gives us:

T10 =
6.4248+ 7.4118

2
= 6.9183
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(a) T4
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(b) T10

Figure 4.14: Trapezoidal approximations of f(x) = sin x+x on [0, π]. Increasing the number
of subintervals improves the approximation.

The exact area turns out to be 2 + π2

2 ≈ 6.9348 (you will see how to compute it in the
Fundamental Theorem of Calculus chapter), so T10 is off by only about 0.016, far better
than L10 or R10.
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4.3.5 Riemann sum sigma notation

As you may recall, mathematicians use sigma notation to concisely express sums, such
as Riemann sums. We can rewrite the definition of a right Riemann sum in sigma notation:

n∑
i=1

f(xi)∆x

where n is the number of subintervals. So, the actual area under the curve is the limit as
n approaches ∞ of the above sum. Let us apply this by writing a sum that represents the
area, A, of the region that lies between the x-axis and the function f(x) = e−x from x = 0

to x = 2.

First, we find an expression for ∆x:

∆x =
2− 0

n
=

2

n

Recall that xi = a + i∆x. Since a (the beginning of the interval) = 0, then the general
expression for xi in this case is 0+ i× 2

n = 2i
n . Substituting our expressions for ∆x and xi

into the sum formula, we see that:

A = lim
n→∞

n∑
i=1

e
−2i
n

2

n

We can also interpret a sum as the area under a specific function. Take the expression:

lim
n→∞

n∑
i=1

π

n
sin iπ

n

There are two expressions in the sum: π
n and sin iπ

n . It makes sense that ∆x = π
n and

f(xi) = sin iπ
n . Because ∆x = b−a

n = π
n , it follows that the interval of the area has a width

of π. We will need to examine the other expression, sin iπ
n , to determine an exact window.

Since f(xi) = sin iπ
n , it follows that the function we are looking for is a sine function. Fur-

ther, the expression for xi = iπ
n . Recall that xi = a+i∆x, where a is the left-most boundary

of the interval. Substituting what we have found already, we see that:

xi = a+ i
π

n
=

iπ

n

which implies that a = 0. Since we have established the interval is π wide, we can infer
that b = π. Therefore, the limit limn→∞∑n

i=1
π
n sin iπ

n is equal to the area under f(x) = sin x
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from x = 0 to x = π.

Exercise 17

Working Space
Use the formal definition of a Right Rie-
mann sum to write a limit of a sum that
is equal to the total area under the graph
of f on the specified interval. Do not
evaluate the limit.

1. f(x) = 2x
x2+1

, 1 ≤ x ≤ 3

2. f(x) = x2 +
√
1+ 2x, 4 ≤ x ≤ 7

3. f(x) =
√
sin x, 0 ≤ x ≤ π

Answer on Page 60

Exercise 18

Working Space
Use the formal definition of a Right Rie-
mann sum to find a region on a graph
whose area is equal to the given limit.
Do not evaluate the limit.

1. limn→∞∑n
i=1

3
n

√
1+ 3i

n

2. limn→∞∑n
i=1

π
4n tan iπ

4n

Answer on Page 60

4.3.6 Real-world Riemann Sums

Sometimes we are working from real data, and the intervals are not evenly spaced. That
is ok! We can still use Riemann sums to make an estimate. Consider the velocity data
from the 1992 launch of the space shuttle Endeavour, shown in tabular form in figure 4.15:
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Event Time (s) Velocity (ft/s)
Launch 0 0

Begin roll maneuver 10 185
End roll maneuver 15 319
Throttle to 89% 20 447
Throttle to 67% 32 742
Throttle to 104% 59 1325

Maximum dynamic pressure 62 1445
Solid rocket booster separation 125 4151

Figure 4.15: Speed of Endeavour from launch to booster separation

We can use a Riemann sum to estimate how far the space shuttle traveled in the first 62
seconds of flight. First, let us visualize our data (see figure 4.16). There are 7 time intervals
from the data, but we only need the first 6. We can find a reasonable range for the distance
the space shuttle travels by finding the left and right Riemann sums. Remember: Because
this data is strictly increasing, the left sum will be our lower bound and the right sum
will be our upper bound.

20 40 60 80 100 120

1,000

2,000

3,000

4,000

t(s)

v(ft/s)

Figure 4.16: Plot of time, velocity data for the Endeavour

First, we will find L6. The width of the first interval is 10 seconds (10 − 0 = 10) and
the height of the rectangle will be v(0) = 0. Calculations for the additional intervals are
shown in the table:
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Interval Width(s) Height(ft/s) Area(ft)
1 10 0 0
2 5 185 925
3 5 319 1595
4 12 447 5364
5 27 742 20034
6 3 1325 3975

Adding the areas, we find the lower limit for the distance traveled is 31,893 feet. We can
determine the upper bound, R6, in a similar manner:

Interval Width(s) Height(ft/s) Area(ft)
1 10 185 1850
2 5 319 1595
3 5 447 2235
4 12 742 8904
5 27 1325 35775
6 3 1445 4335

Adding the areas, we find the upper limit for the distance traveled is 54,694 feet. Therefore,
the Endeavour traveled between 31,893 and 54,694 feet during the first 62 seconds of this
flight. The trapezoidal estimate, their average, is about 43,300 feet: roughly 8 miles in
about a minute.





Chapter 5

Riemann Sums in Code and
Practice

5.1 Code for a Riemann Sum

You can create a program that automatically calculates a Riemann sum. Create a file called
riemann.py and type the following into it:

1 import matplotlib.pyplot as plt

2 import sys

3 import math

4

5 from matplotlib.patches import Rectangle

6

7 # Did the user supply two arguments?

8 if len(sys.argv) != 3:

9 print(f"Usage: {sys.argv[0]} <stop> <divisions>")

10 print(f"Numerically integrates 1/x from 1 to <stop>.")

11 print(f"Calculates the value of 1/x at <divisions> spots in the range.")

12 exit(1)

13

14 # Check to make sure the number of divisions is greater than zero?

15 divisions = int(sys.argv[2])

16 if divisions <= 0:

17 print("ERROR: Divisions must be at least 1.")

18 exit(1)

19

20 # Is the stopping point after 1.0?

21 stop = float(sys.argv[1])

22 if stop <= 1.0:

23 print("ERROR: Stopping point must be greater than 1.0")

24 exit(1)

25

26 start = 1.0

27 step_size = (stop - start)/divisions

28

29 print(f"Step size is {step_size:.5f}.")

30 x_values = []

31 y_values = []

32 total = 0.0

33 for i in range(divisions):

34 current_x = start + i * step_size

35 current_y = 1.0/current_x

47
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36 area = current_y * step_size

37 print(f"{i}: 1 / {current_x:.3f} = {current_y:4f}, area of rect = {area:8f} ")

38

39 x_values.append(current_x)

40 y_values.append(current_y)

41 total += area

42 print(f"\tCumulative={total:.3f},

ln({current_x:.3f})={math.log(current_x):.3f}")↪→
43

44 print(f"Numerical integration of 1/x from 1.0 to {stop:.4f} is {total:.4f}")

45 print(f"The natural log of {stop:.4f} is {math.log(stop):.4f}")

46

47 # Create data for the smooth 1/x line

48 SMOOTH_DIVISIONS = 200

49 smooth_start = start - 0.15

50 smooth_stop = stop + 1.0

51 smooth_step = (smooth_stop - smooth_start)/SMOOTH_DIVISIONS

52 smooth_x_values = []

53 smooth_y_values = []

54 for i in range(SMOOTH_DIVISIONS):

55 current_x = smooth_start + i * smooth_step

56 current_y = 1.0/current_x

57 smooth_x_values.append(current_x)

58 smooth_y_values.append(current_y)

59

60 # Put it on a plot

61 fig, ax = plt.subplots()

62 ax.set_xlim((smooth_x_values[0], smooth_x_values[-1]))

63 ax.set_ylim((0, smooth_y_values[0]))

64 ax.set_title("Riemann Sums for 1/x")

65

66 # Make the Riemann rects

67 for i in range(divisions):

68 current_x = x_values[i]

69 next_x = current_x + step_size

70 current_y = y_values[i]

71 rect = Rectangle((current_x, 0), step_size, current_y, edgecolor="green",

facecolor="lightgreen")↪→
72 ax.add_patch(rect)

73

74 # Make the true 1/x curve

75 ax.plot(smooth_x_values, smooth_y_values, c="k", label="1/x")

76

77 # Show the user

78 plt.show()

79

This program will calculate and display a graph of the left Riemann sum of 1
x from 1 to

the provided stop value with the indicated number of subintervals. When you run it, you
will see a graph in a new window and something like this in the terminal:
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1 Step size is 0.40000.

2 0: 1 / 1.000 = 1.000000, area of rect = 0.400000

3 Cumulative=0.400, ln(1.000)=0.000

4 1: 1 / 1.400 = 0.714286, area of rect = 0.285714

5 Cumulative=0.686, ln(1.400)=0.336

6 2: 1 / 1.800 = 0.555556, area of rect = 0.222222

7 Cumulative=0.908, ln(1.800)=0.588

8 3: 1 / 2.200 = 0.454545, area of rect = 0.181818

9 Cumulative=1.090, ln(2.200)=0.788

10 4: 1 / 2.600 = 0.384615, area of rect = 0.153846

11 Cumulative=1.244, ln(2.600)=0.956

12 5: 1 / 3.000 = 0.333333, area of rect = 0.133333

13 Cumulative=1.377, ln(3.000)=1.099

14 6: 1 / 3.400 = 0.294118, area of rect = 0.117647

15 Cumulative=1.495, ln(3.400)=1.224

16 7: 1 / 3.800 = 0.263158, area of rect = 0.105263

17 Cumulative=1.600, ln(3.800)=1.335

18 8: 1 / 4.200 = 0.238095, area of rect = 0.095238

19 Cumulative=1.695, ln(4.200)=1.435

20 9: 1 / 4.600 = 0.217391, area of rect = 0.086957

21 Cumulative=1.782, ln(4.600)=1.526

22 Numerical integration of 1/x from 1.0 to 5.0000 is 1.7820

23 The natural log of 5.0000 is 1.6094

Exercise 19

Working Space
Use the Python program you created to
find L10, L50, L100, L500, L1000, and L5000
for the function 1

x from x = 1 to x = 5.
What do you notice about the results?

Answer on Page 61

5.2 Riemann Sum Practice

Exercise 20

Working Space



50 Chapter 5. RIEMANN SUMS IN CODE AND PRACTICE

t (hours) 4 7 12 15
R(t) (L/hr) 6.5 6.2 5.9 5.6

A tank contains 50 liters of water after 4
hours of filling. Water is being added
to the tank at rate R(t). The value of
R(t) at select times is shown in the ta-
ble. Using a right Riemann sum, esti-
mate the amount of water in the tank af-
ter 15 hours of filling.

Answer on Page 61

Exercise 21

Working Space
Let f(x) = x − 2 ln x. Estimate the area
under f from x = 1 to x = 5 using four
rectangles and the value of f at the mid-
point of each interval. Sketch the curve
and your approximating rectangles.

Answer on Page 61

Exercise 22

Working Space
A graph of a car’s velocity over a pe-
riod of 60 seconds is shown. Estimate
the distance traveled during this period.
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Answer on Page 62





Appendix A

Answers to Exercises

Answer to Exercise 1 (on page 6)

p(W | BR) = 0.1 and p(BR) = 0.5. Also p(W) = 0.5(0.6) + 0.5(0.1) = 0.35. So p(BR | W) =
(0.1)(0.5)

0.35 = 1
7 ≈ 0.14. A white marble makes Bag R less likely, which matches our intuition.

Answer to Exercise 2 (on page 6)

Let D be “has the disease” and + be “tests positive.” Then p(+ | D) = 0.99, p(D) = 0.01,
and

p(+) = (0.99)(0.01) + (0.05)(0.99) = 0.0099+ 0.0495 = 0.0594

So
p(D | +) =

(0.99)(0.01)

0.0594
≈ 0.167

Only about 17%! The disease is so rare that most positive tests come from the large group
of healthy people. This is why doctors retest before making a diagnosis.

Answer to Exercise 3 (on page 11)

1. The state space of this Markov chain is S = {N,R, I}whereN represents new customers,
R represents regular customers, and I represents inactive customers.

53
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2.

N R

I

0.4
0.5

0.1

0.5

0.3
0.2 0.1

0.8

0.1

3.
P(Xn+1 = R | Xn = I, Xn−1 = R,Xn−2 = N) = P(Xn+1 = R | Xn = I)

Probability: 30%

Answer to Exercise 4 (on page 12)

1. Regular → Inactive: P(Xn+1 = I | Xn = R) = 0.20.

2. Inactive → Regular after two visits: We need to find P(Xn+2 = R | Xn = I). This can be
calculated by two multiplications and summing over all possible intermediate states:

• I → N → R = 0.10× 0.30 = 0.03

• I → R → R = 0.15× 0.65 = 0.0975

• I → I → R = 0.75× 0.15 = 0.1125

0.03+ 0.0975+ 0.1125 = 0.24

3. New → Inactive after three visits: We need to find P(Xn+3 = I | Xn = N). This can be
calculated by three multiplications and summing over all possible intermediate states:

• N → N → N → I = 0.50× 0.50× 0.20 = 0.05

• N → N → R → I = 0.50× 0.30× 0.20 = 0.03

• N → N → I → I = 0.50× 0.20× 0.75 = 0.075

• N → R → N → I = 0.30× 0.15× 0.20 = 0.009

• N → R → R → I = 0.30× 0.65× 0.20 = 0.039
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• N → R → I → I = 0.30× 0.20× 0.75 = 0.045

• N → I → N → I = 0.20× 0.10× 0.20 = 0.004

• N → I → R → I = 0.20× 0.15× 0.20 = 0.006

• N → I → I → I = 0.20× 0.75× 0.75 = 0.1125

0.050+ 0.030+ 0.075+ 0.009+ 0.039+ 0.045+ 0.004+ 0.006+ 0.1125 = 0.3705

Answer to Exercise 5 (on page 14)

To find P3, we need to compute the matrix multiplication of P with itself three times. First,
we compute P2:

P2 =

[
0.2(0.2) + 0.8(0.1) 0.2(0.8) + 0.8(0.9)
0.1(0.2) + 0.9(0.1) 0.1(0.8) + 0.9(0.9)

]
=

[
0.12 0.88

0.11 0.89

]
Then find P3 from P2 · P

P3 =

[
0.12 0.88

0.11 0.89

] [
0.2 0.8

0.1 0.9

]
=

[
0.12(0.2) + 0.88(0.1) 0.12(0.8) + 0.88(0.9)
0.11(0.2) + 0.89(0.1) 0.11(0.8) + 0.89(0.9)

]
=

[
0.112 0.888

0.111 0.889

]

So
P3
Blue,Green = P(Xn+3 = Green | Xn = Blue) = 0.111

, which means that if the chemical is currently blue, there is an 11.1% chance it will be
green after 90 minutes.

Answer to Exercise 6 (on page 15)

1. A steady-state distribution is a row vector π = (x, y) with πP = π. Then we have

[
x y

] [ p 1− p

1− q q

]
=

[
x y

]
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This gives us the following system of equations:

px+ (1− q)y = x

(1− p)x+ qy = y

The first equation gives (1−q)y = (1−p)x, so x = 1−q and y = 1−p (up to scaling).
Therefore, the vector that solves πP = π (up to scaling) is[

1− q 1− p
]

2. Normalizing it gives us (1 − q) + (1 − p) = 2 − p − q. Therefore, the steady-state
distribution is [

1−q
2−p−q
1−p

2−p−q

]
Which for A is 1−q

2−p−q .

3. Plugging in p = 0.3 and q = 0.6 gives us 1−0.6
2−0.3−0.6 = 0.4

1.1 = 4
11 = 0.364 of the proportion

of time spent in state A.

Answer to Exercise 7 (on page 19)

By the Markov property,

P(N → V → A) = P(V | N)P(A | V).

Substituting the values from the transition matrix,

P(N → V → A) = (0.5)(0.2) = 0.10.

Therefore,

P(N → V → A) = 0.10.

Thus, according to the model, the probability of observing the tag sequence

Noun → Verb → Adjective
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is 10%.

Answer to Exercise 8 (on page 25)

Since we are finding the antiderivative of sin x, we will define f(x) = sin x. We are looking
for a F, such that F ′(x) = sin x. The derivative of cos x is − sin x 6= f(x). However, the
derivative of − cos x = sin x = f(x). Since d

dx [− cos x] = sin x, the antiderivative of sin x is
− cos x.

Answer to Exercise 9 (on page 27)

First, we will find v(t) by taking the antiderivative of a(t) and using the initial condition
v(0) = −6: ˆ

6t+ 4 dt = 3t2 + 4t+ C = v(t)

v(0) = 3(0)2 + 4(0) + C = −6

C = −6

Therefore, the velocity function is v(t) = 3t2 + 4t− 6. Next, we repeat the process to find
s(t): ˆ

3t2 + 4t− 6 dt = t3 + 2t2 − 6t+ C = s(t)

s(0) = (0)3 + 2(0)2 − 6(0) + C = 9

C = 9

Therefore, the position function is s(t) = t3 + 2t2 − 6t+ 9.

Answer to Exercise 10 (on page 27)

The antiderivative of sin x is − cos x; therefore, the general solution is f(x) = −2 cos x+C.
We use the given condition, f(π) = 1 to find C:

f(π) = −2 cosπ+ C = 1

C = 1+ 2 cosπ = 1+ 2(−1) = −1

Therefore, the specific solution is f(x) = −2 cos x− 1

Answer to Exercise 11 (on page 27)
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1. By the power rule, the antiderivative of x2 is 1
3x

3, the antiderivative of 2x is x2, and the
antiderivative of −4 is −4x. So the general antiderivative of f(x) is 1

3x
3 + x2 − 4x+ C

2. We can rewrite g(x) to more clearly see the powers of x. g(x) = x
2
3 + x

3
2 . Applying the

power rule, we find the general antiderivative of g(x) is 3
5x

5
3 + 2

5x
5
2 + C.

3. Recalling that the antiderivative of 1
x is ln |x|, the general antiderivative of h(x) is 1

5x−
2 ln |x|+ C

4. The antiderivative of sin θ is − cos θ and the antiderivative of sec2 θ is tan θ. Therefore,
the general antiderivative of r(θ) is −2 cos θ− tan θ+ C

Answer to Exercise 12 (on page 28)

1. The antiderivative of sin θ is − cos θ, and the antiderivative of cos θ is sin θ. The general
form of f is f(θ) = − cos θ+ sin θ+C. Substituting θ = π, we find that f(π) = − cosπ+
sinπ+ C = 1+ 0+ C = 2, which implies C = 1. Therefore, f(θ) = − cos θ+ sin θ+ 1.

2. The general antiderivative of f ′′ is f ′(x) = 4x3+3x2−4x+C1. We do not have a condition
for f ′, so we continue to find f. The antiderivative of f ′ is f(x) = x4+x3−2x2+C1x+C2.
We can find C2 with the condition f(0) = 4. f(0) = C2 = 4, so we know f(x) =
x4 + x3 − 2x2 +C1x+ 4. Using the condition f(1) = 1, we find that C1 = −3. Therefore,
the specific solution is f(x) = x4 + x3 − 2x2 − 3x+ 4.

Answer to Exercise 13 (on page 31)

The units on the x-axis are s, and the units on the y-axis are m
s2
. The area would then have

units of s× m
s2

= m
s . Based on the units, the area represents a net change in velocity. The

area above and below the axis are equal (4.5m
s ); therefore, the total area is 0. This means

the object’s starting and ending velocity are the same.

Answer to Exercise 14 (on page 31)

The units of the area will be days × deaths
day = deaths. The area under the curve repre-

sents the total number of people who died of SARS in Singapore during the time period
represented [from late February to early June, if you count the days].



59

Answer to Exercise 15 (on page 32)

2 4 6 8 10

2

4

6

8

10

t(h)

r(t)(L/h)

Based on the units, the area under the data would represent the total oil lost. One way to
estimate this area would be to create rectangles, but there are other valid methods.

Answer to Exercise 16 (on page 36)

Right-determined sum graph:

1 2

0.5

1

x

y

The area of the right-determined sum is 0.25× (0.8+ 0.6667+ 0.5714+ 0.5) = 0.6345. This
is an underestimate of the actual area.
Left-determined sum graph:
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1 2

0.5

1

x

y

The area of the left-determined sum is 0.25× (1+ 0.8+ 0.6667+ 0.5714) = 0.7595. This is
an overestimate of the actual area.

Answer to Exercise 17 (on page 43)

1. ∆x = 3−1
n = 2

n and xi = 1+ i 2n = 1+ 2i
n . Substituting, we get limn→∞∑n

i=1

2(1+ 2i
n
)

(1+ 2i
n
)2+1

· 2
n

2. ∆x = 7−4
n = 3

n and xi = 4+ 3i
n . Substituting, we get limn→∞∑n

i=1[(4+
3i
n )

2+
√
1+ 2(4+ 3i

n )]
3
n

3. ∆x = π−0
n = π

n and xi =
iπ
n . Substituting, we get limn→∞∑n

i=1

√
sin iπ

n
π
n

Answer to Exercise 18 (on page 43)

1. ∆x = 3
n , which implies b − a = 3. We could interpret

√
1+ 3i

n two ways: either
f(x) =

√
1+ x and xi =

3i
n or f(x) =

√
x and xi = 1 + 3i

n . In the first case, we can find
that a = 0 and b = 3, so the limit of the sum represents the area under f(x) =

√
1+ x

from x = 0 to x = 3. For the second case, we can find that a = 1 and b = 4, so the limit
of the sum represents the area under f(x) =

√
x from x = 1 to x = 4.

2. ∆x = π
4n , which implies b − a = π

4 . We can see that xi = iπ
4n , which implies a = 0

and therefore also that b = π
4 . Therefore, the limit of the sum represents the total area

under f(x) = tan x from x = 0 to x = π
4 .
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Answer to Exercise 19 (on page 49)

Number of Intervals Calculated Area
10 1.7820
50 1.6419
100 1.6256
500 1.6126
1000 1.6110
5000 1.6098

The area approaches the natural log of the endpoint, ln 5 ≈ 1.6094.

Answer to Exercise 20 (on page 49)

The volume of water will be the amount of water at 4 hours (50 liters) plus the area under
the graph of R(t) from t = 4 to t = 15. We will estimate this area with a right Riemann
sum. The approximate volume added from t = 4 to t = 7 is (7 − 4) ∗ (6.2) = 18.6 liters.
The approximate volume added from t = 7 to t = 12 is (12 − 7) ∗ (5.9) = 29.5 liters. The
approximate volume added from t = 12 to t = 15 is (15−12)∗(5.6) = 16.8 liters. Therefore,
the approximate total volume of water in the tank at t = 15 is 50+18.6+29.5+16.8 = 114.9

liters.

Answer to Exercise 21 (on page 50)

We will divide the area from x = 1 to x = 5 into four intervals at x = 2, x = 3, and x = 4.
Next, we will find the value of f(x) at the midpoint of each interval:

Interval Midpoint Value of f(x) at midpoint
1 1.5 ≈ 0.68907

2 2.5 ≈ 0.66742

3 3.5 ≈ 0.99447

4 4.5 ≈ 1.49185

Using the values in the table, we can make a possible sketch of f(x):
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2 3 4 5

0.8

1

1.2

1.4

1.6

x

f(x)

And we calculate the total area in the rectangles:

1× (0.68907+ 0.66742+ 0.99447+ 1.49185) = 3.84281

Answer to Exercise 22 (on page 50)

The question allows the student to choose the type of sum (left, right, or midpoint) and
the number of intervals. A possible solution is given, but there are many ways to answer
the question.
The tricky part here is noticing the units! The graph gives speed in km/hr but time in
seconds, so we convert km/hr to m/s before multiplying (divide by 3.6). A possible
solution is to divide the graph into 6 intervals (one every 10 seconds) and use a right
Riemann sum.

10 20 30 40 50 60

40

80

120

160

200

240

t (seconds)

v (km/hr)

We can use the graph to estimate the height of each rectangle. Some reasonable estimates
are f(10) = 130km

hr ≈ 36.1m
s , f(20) = 180km

hr = 50m
s , f(30) = 210km

hr ≈ 58.3m
s , f(40) =

230km
hr ≈ 63.9m

s , f(50) = 235km
hr ≈ 65.3m

s , and f(60) = 240km
hr ≈ 66.7m

s . [Any values within
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±5 of the listed values are reasonable.] Noting that each interval is 10 sec wide and using
the estimates of f(x) listed, we can estimate that the distance traveled is 10 sec× (36.1m

s +
50m

s + 58.3m
s + 63.9m

s + 65.3m
s + 66.7m

s ) = 3403 meters, or about 3.4 km.
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