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CHAPTER |

Optimization

Optimization is a branch of mathematics that involves finding the best solution from all
feasible solutions. In the field of operations research, optimization plays a crucial role.
Whether it is minimizing costs, maximizing profits, or reducing the time taken to perform
a task, optimization techniques are employed to make decisions effectively and efficiently.

In this chapter, the primary goal is to find the maximum or minimum value of a function,
often referred to as the objective function, by finding the point on the graph where the
derivative is equal to zero. This is usually referred to as the critical point!

At a critical point where the derivative is zero, the graph of the function has a horizontal
tangent line. At such a point, the function may be reaching a peak or a valley.

Not every critical point corresponds to a maximum or minimum. Some critical points

may instead be points of inflection. This is when the second derivative of the point is also
equal to zero! You will see this in a few examples!

1.1 Extrema

There are two types of extrema: relative extrema and absolute extrema.

A relative maximum or minimum occurs when the function reaches a peak or valley
compared to nearby values. This does not guarantee that the value is the highest or
lowest value of the function overall.

An absolute maximum or minimum is the greatest or least value that the function takes
on a given interval.

An absolute maximum or minimum can occur either at a critical point or at an endpoint
of the interval.

For this reason, when solving optimization problems on a restricted domain, it is impor-
tant to test both critical points and endpoints.
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1.2 The Second Derivative Test

Once a critical point has been found, we often want to determine whether it corresponds
to a maximum or a minimum. One method for doing this is the Second Derivative Test.

If a function has a critical point at x = ¢, then:
e if the second derivative is positive at x = ¢, the function is concave up and the point
is a relative minimum;

o if the second derivative is negative at x = c, the function is concave down and the
point is a relative maximum,;

e if the second derivative is zero at x = ¢, the test is inconclusive.
If the second derivative is always positive or always negative on an interval, then any

critical point in that interval must be an absolute minimum or absolute maximum, re-
spectively.

1.3 Solving Optimization Problems

Optimization problems apply the ideas of derivatives, critical points, and extrema to real
situations. Although the context of each problem may be different, the method used to
solve them follows the same general pattern.

1.4 General Strategy for Solving Optimization Problems

Most calculus optimization problems follow these steps:

1. Identify the quantity to be optimized.

2. Write an equation for the objective function. Sometimes, you might be given an
equation already. In that case, you will skip this step. For word problems, you will
typically be required to write the equations yourself.

Use the given constraints to rewrite the function using one variable.
Determine the appropriate domain.
Find the derivative of the function.

Find critical points by setting the derivative equal to zero.

N o Aol W

Interpret the result in the context of the problem.
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When solving optimization problems, some common mistakes include forgetting to define
variables, not using the constraints of the problem appropriately, misinterpreting or failing
to interpret the final answer, and giving answers without appropriate units. For word
problems, be very vigilant baout how your answer relates back to the question given! It
serves as a small check for accuracy.

1.4.1 Example

Consider the function
fix) =x>—4x +1.

We want to find the maximum or minimum value of this function.

First, take the derivative of the function:

f'(x) =2x — 4.

Next, set the derivative equal to zero to find the critical point:

2x—4=0.

Solving for x gives
x = 2.

Now determine whether this critical point corresponds to a maximum or a minimum by
using the second derivative.

The second derivative is
f(x) = 2.

Because the second derivative is positive, the function is concave up, and the critical point
corresponds to a minimum.

To find the minimum value of the function, substitute x = 2 back into the original function:

f(2)=22—4(2)+1=-3.

Therefore, the function has a minimum value of —3 at x = 2.

5
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Exercise 1

_ ) Working Space
Consider the function

f(x) =x*> — 6x +5.

Find the maximum or minimum value
of the function using calculus.

; Answer on Page 57 4

Now, let’s look at a word example:

Example

The cost, in dollars, of producing x units of a product is given by the function

C(x) = 2x* — 24x + 100.

Find the number of units that should be produced in order to minimize the cost, and
determine the minimum cost.

To minimize the cost, take the derivative of the cost function:

C'(x) = 4x — 24.

Set the derivative equal to zero to find the critical point:

4x —24 = 0.

Solving for x gives

Next, take the second derivative:



Section 1.5 HELPFUL TABLE FOR OPTIMIZATION PROBLEMS 7

Since the second derivative is positive, the cost function is concave up, and the critical
point corresponds to a minimum.

Substitute x = 6 back into the original cost function:

C(6) = 2(6)> — 24(6) + 100 = 28.

Therefore, the cost is minimized when 6 units are produced, and the minimum cost is
$28.

Exercise 2

) ) Working Space
A rectangular enclosure is to be built us-

ing 60 units of fencing. Three sides of
the enclosure require fencing, while the
fourth side is along a wall and does not
require fencing.

Let x represent the length of the side
parallel to the wall and y represent the
width of the enclosure.

Find the dimensions of the enclosure that
minimize the amount of fencing used.

; Answer on Page 57 4

1.5 Helpful Table for Optimization Problems
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Condition at a point
xX=c

What it tells you

What kind of point it
could be

f'(c) #0 The graph has a non-horizontal | Not a maximum or
tangent minimum
f'(c)=0 The graph has a horizontal tangent | Possible maximum,

minimum, or neither

f’(c) does not exist

The graph may have a corner, cusp,
or vertical tangent

Possible maximum or
minimum SO run sec-
ond derivative test to
check!

f’'(¢) =0and f"(c) >

Graph is concave up at ¢

Local minimum

Graph is concave down at ¢

Local maximum

0
f’'(c)=0and f"(c) <0
f'(c) =0and f"(c) =0

Second derivative test fails

Could be max, min, or
neither

1.6 Using Python to Visualize Your Optimization Problem

You may be familiar with the use of Python to find the derivative of functions. We are
going to use Python to supplement your knowledge of Optimization problems! Below
is a script that can be used to visualize what your world problems may be asking you
to do! This script will help you with finding the first derivative, performing the second
derivative test, and graphs of your equations showing these points.

import sympy as sp
import numpy as np

import matplotlib.pyplot as plt

# 1) Define the variable

X = sp.symbols('x')

# 2) Define the objective function (STUDENTS EDIT THIS)

f = 20%x - x**2

# 3) Derivatives
f_prime = sp.diff(f, x)
f_double_prime =

# 4) Solve f'(x) =0
critical_point =

sp.diff (f_prime, x)

sp.solve(f_prime, x) [0]

# 5) Classify using second derivative
second_derivative_value = f_double_prime.subs(x, critical_point)

if second_derivative_value > O:
classification = "minimum"
elif second_derivative_value < O:

classification =

"maximum"
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else:
classification = "inconclusive"

print("f(x) =", f)

print("f'(x) =", f_prime)

print("f''(x) =", f_double_prime)
print("Critical point:", critical_point)
print("Classification:", classification)

# 6) Plot
f_num = sp.lambdify(x, f, "numpy")

X = np.linspace(0, 20, 400)
Y = f_ num(X)

XC
yc

float(critical_point)
float (f_num(xc))

plt.plot(X, Y)
plt.scatter([xcl, [ycl)
plt.title("Optimization")
plt.xlabel("x")
plt.ylabel("f(x)")
plt.grid(True)

plt.annotate(
classification,
(xc, yc),
xytext=(xc + 1, yc),
arrowprops=dict(arrowsty1e="—>")

plt.show()
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Exercise 3

The Python script below uses derivatives
to locate and classify a critical point of a
function.

1. Run the script using the function
f(x) = 20x — x2.

Record the critical point and whether
it is classified as a maximum or min-
imum.

2. Change the objective function in the
script to

f(x) = x> — 6x +5.

Run the script again. How does
the classification change? Explain
why this happens using the second
derivative test.

3. Change the objective function to
f(x) = x> — 3x.

Run the script. What does the script
report for the classification? Ex-
plain why the second derivative test
is inconclusive in this case.

4. Finally, choose your own quadratic
function and predict whether the
critical point will be a maximum or
minimum before running the script.
Check your prediction using both
calculus and the graph.

,— Working Space —‘

; Answer on Page 58 4



CHAPTER 2

Implicit Ditferentiation

Implicit differentiation is a technique in calculus for finding the derivative of a relation
defined implicitly (that is, a relation between variables x and y that is not explicitly solved
for one variable in terms of the other).

2.1 Implicit Differentiation Procedure

Consider an equation that defines a relationship between x and y:

F(X,U) =0

To find the derivative of y with respect to x, we differentiate both sides of this equation
with respect to x, treating y as an implicit function of x:'

d d
—F -
= (xy) dXO

Applying the chain rule during the differentiation on the left side of the equation gives:

oF  OFdy _
ox dydx

Finally, we solve for % to find the derivative of y with respect to x:

oF

dy 5
- oF

dx oy

This result is obtained using the implicit differentiation method.

!This L form of the derivative is the same as y’ said as taking the derivative of y with respect to x

11
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2.2 Example

Consider the equation of a circle with radius

First, we will find % without implicit differentiation. Newxt, we will apply implicit dif-
ferentiation to get the same result.

2.2.1 Without Implicit Differentiation

First, we need to rearrange the equation to solve for y:

=122

y=+vVri—x2

We take the derivative of y by applying the Chain Rule:

dy T (_ZX)_;X
dx 2412 —x2 +v12 —x2

Notice the denominator of this fraction is the same as the solution we found for y, y =
+v/72 — x2. So, we can also represent this as:

diy_—x

dx y

2.2.2 With Implicit Differentiation

With implicit differentiation, we assume y is a function of x and apply the Chain Rule.

d 2 Z_d 2
dx[x +y]—dx[r]
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For x* and 12, we take the derivative as we normally would.” For y2, we apply the Chain
Rule, as outlined above.’

dy
2x+2y—= =0
X+ 2y ax
Solving for %, we find
dy _ —x
dx vy

, which is the same result as we found without implicit differentiation.

2.3 Folium of Descartes

It was relatively easy to rearrange the equation for a circle to solve for y, but that is not
always the case. To help you understand this better, we will consider a famous curve
known as the Folium of Descartes, given by the equation,

¥ +y? =3xy.

The word folium comes from the Latin word for “leaf,” describing the curve’s distinctive
looped shape. The curve is named after René Descartes, a French mathematician who
originally presented the curve as a challenge to fellow mathematician Pierre de Fermat,
asking him to find the tangent line to the curve. Fermat was able to solve the problem
with ease!

The Folium of Descartes (seen in Figure 2.1) is historically significant because unlike
simpler curves such as circles or parabolas, it exhibits more complex behavior, including
a self-intersection at the origin (the curve crosses itself!). This complexity makes it difficult
to describe the curve using a single equation of the form y = f(x).

To explicitly solve the equation x* + y> = 3xy for y requires multiple expressions to fully
capture the entire curve. As a result, the familiar techniques used for functions defined
explicitly in terms of x are no longer sufficient. Instead, to find the slope of the tangent
line at a point on the folium, we must use implicit differentiation.

*The & part disappears when taking the derivative of x, as the derivative of x with respect to x is just
regular differentiation.
® Applying the chain rule is only allowed as y is not the variable we were taking the derivative with respect

to.
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N
N
N
~ ¢

’

Figure 2.1: The Folium of Descartes x3 + y* = 3xy with asymptote x +y + 1 = 0.

2.3.1 Example: Tangent to Folium of Descartes

In this example, we will use implicit differentiation to easily find the tangent line at a
point on the folium.

(a) Find % if x> +y® = 6xy
(b) Find the tangent to the folium x3 + y* = 3xy at the point (2,2)

(c) Is there any place in the first quadrant where the tangent line is horizontal? If so, state
the point(s).

Solution:

(a) L0 +y% = L B3xy] ; ;
3x? ~|—3y2—y = 3x Y + 3y

dx dx
d d
2,299 _ .4
¥ty dx _de+y
. dy.
Rearranging to solve for G¥: .
d%(yz—X):y—xz
dy _y-x
dx y2—x

(b) We already have the coordinate point, (2,2), so to write an equation for the tangent
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line, all we need is the slope. Substituting x = 2 and y = 2 into our result from part (a):

ay_2-2_ 2
dx 22-2 2

This is the slope, m. Using the point-slope form of a line, our tangent line isy—2 = —(x—2).

(c) Recall that in the first quadrant, x > 0 and y > 0. We will set our solution for % equal

to 0:
2

y—xt _
y+2—-x

which implies that
y— x> =0

Substituting y = x? into the original equation:
+ () =3(x)()

X34 x8 =33

Which simplifies to
x® =2x°

Since we have excluded x = 0 by restricting our search to the first quadrant, we can divide
both sides by x*:
¥ =2

x=V2~126

Substituting x ~ 1.26 into our equation for y:

y~1.26° =159

Therefore, the folium has a horizontal tangent line at the point (1.26,1.59).

2.4 Practice
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Exercise 4

[This problem was originally presented
as a no-calculator, multiple-choice ques-
tion on the 2012 AP Calculus BC Exam. ]
If arcsinx = Iny, what is %?

Exercise 5

[This problem was originally presented
as a no-calculator, multiple-choice ques-
tion on the 2012 AP Calculus BC Exam. ]
The points (—1,—1) and (1,—5) are on
the graph of a function y = f(x) that
satisfies the differential equation % =

x?-+y. Use implicit differentiation to find
2

‘37‘21. Determine if each point is a local

minimum, local maximum, or inflection

point by substituting the x and y values
of the coordinates into % and %}.

'— Working Space —‘

Answer on Page 59 4

‘— Working Space

\— Answer on Page 60 4



CHAPTER 3

Related Rates

In calculus, related rates problems involve finding a rate at which a quantity changes by
relating that quantity to other quantities whose rates of change are known. The technique
used to solve these problems is known as “related rates” because one rate is related to
another rate.

3.1 Steps to solve related rates problems

Step 1: Understand the problem. First, read the problem carefully. Understand what rates
are given and what rate you need to find.

Step 2: Draw a diagram. For most problems, especially geometry problems, drawing a
diagram can be very helpful.

Step 3: Write down what you know. Write down the rates that you know and the rate
that you need to find.

Step 4: Write an equation. Write an equation that relates the quantities in the problem.
This equation will be your main tool to solve the problem. Some cases may require an

implict equation to be constructed.

Step 5: Differentiate both sides of the equation. Now you can use calculus. Differentiate
both sides of the equation with respect to time.

Step 6: Substitute the known rates and solve for the unknown. Now that you have an
equation that relates the rates, substitute the known rates into the equation and solve for

the unknown rate.

Step 7: Create a concluding statement/ Write a concluding statement that sums up what
you have a calculated in a concise manner.

3.2 Example

Here is an example of a related rates problem:

A balloon is rising at a constant rate of 5 m/s. A boy is cycling towards the balloon along a straight
path at 15 m/s. If the balloon is 100 m above the ground, find the rate at which the distance from

17
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the boy to the balloon is changing when the boy is 40 m from the point on the ground directly
beneath the balloon.

The problem can be modeled with a right triangle where the vertical side is the height of
the balloon, the horizontal side is the distance of the boy from the point on the ground
directly beneath the balloon, and the hypotenuse is the distance from the boy to the
balloon.

Let x be the distance of the boy from the point on the ground directly beneath the balloon,
y the height of the balloon above the ground, and z the distance from the boy to the
balloon. From the Pythagorean theorem, we have

22 = x* +y? (3.1)
Differentiating both sides with respect to time t gives

22% = Zx% + Zyd—y

dt dt dt (3.2)

Given that § = —15 m/s (the boy is moving towards the point beneath the balloon),
Y _5m/s (the balloon is rising), x =40 m, y = 100 m, we can substitute these into the

at —
equation and solve for 4.

All related rates problems are different, so it is important to continually do them so that
you encounter many different examples. For more examples and practice, work through
the problems included in your digital resources!



CHAPTER 4

Multivariate Functions and
Partial Derivatives

A real-valued multivariate function is a function that takes multiple real variables as input
and produces a single real output. We generally denote such a function as f : R™ — R,
where R" is the domain and R is the co-domain, (ie. R is the domain of one variable and
R? is the domain of a 2 variable function)

For example, consider a function f that takes two variables, x and y:

f(x,y) = x* +y*

Here, f : R? — R takes an ordered pair (x,y) from the 2-dimensional real coordinate
space, squares each, and adds them to produce a real number.

In a similar way, a function g : R — R could take three variables, x, y, and z, and might
be defined as:

9(X>U>Z) = Xz +y2 + Z2
FIXME graphic of this showing area splotch mapping to line segment

Here, the function squares each of the input variables, then adds them to produce a real
number.

These functions are “real-valued” because their outputs are real numbers, and “multivari-
ate” because they take multiple variables as inputs.

The concepts of limits, continuity, differentiability, and integrability can all be extended
to multivariate functions, although they become more complex because we now have to
consider different directions in which we approach a point, not just from the left or right,
as in the univariate case. FIXME expand this?

For example, the partial derivative is the derivative of the function with respect to one
variable, holding the others constant. It is one of the basic concepts in the calculus of

multivariate functions.

For example, given the function f(x,y) = x*>+y?, the partial derivatives of f are computed

19
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as:

of
&(X)y) = 2x
of
@(X&J) =2y

We will expand on these partial derivatives in the next chapter.



CHAPTER 5

Partial Derivatives and
Gradients

This chapter will introduce you to partial derivatives and gradients, equipping you with
the tools to study functions of multiple variables. We will explore how these concepts
provide valuable insights into optimization, vector calculus, and various fields of science
and engineering.

Partial derivatives come into play when dealing with functions that depend on multiple
variables. Unlike ordinary derivatives that consider changes along a single variable, partial
derivatives focus on how a function changes concerning each individual variable while
holding the others constant. In essence, partial derivatives measure the rate of change of
a function with respect to one variable, while keeping the other variables fixed.

The notation for a partial derivative of a function f(x,y,...) with respect to a specific
variable, say x, is denoted as If. Similarly, g—; represents the partial derivative with respect
toy, and so on. It is essential to remember that when taking partial derivatives, we treat

the other variables as constants during the differentiation process.

The gradient is a vector that combines the partial derivatives of a function. It provides a
concise representation of the direction and magnitude of the steepest ascent or descent of
the function. The gradient vector points in the direction of the greatest rate of increase of
the function. By understanding the gradient, we gain insights into optimizing functions
and finding critical points where the function reaches maximum or minimum values.

Throughout this chapter, we will explore the following key topics related to partial deriva-
tives and gradients:

e Calculating partial derivatives: We will delve into the techniques and rules for com-
puting partial derivatives of various functions, including polynomials, exponential
functions, and trigonometric functions. We will also explore higher-order partial
derivatives and mixed partial derivatives.

e Interpreting partial derivatives: Understanding the geometric and physical inter-
pretations of partial derivatives is essential. We will discuss the notion of tangent
planes, directional derivatives, and the relationship between partial derivatives and
local linearity.

e Gradient vectors and their properties: We will introduce this concept, including it
connection to the direction of steepest ascent, its relationship with partial derivatives,

21



22 Chapter 5. PARTIAL DERIVATIVES AND GRADIENTS

and how it relates to level curves and level surfaces.

e Applications of partial derivatives and gradients: We will explore various applica-
tions of these concepts, including optimization problems, constrained optimization,
tangent planes, linear approximations, and their relevance in fields like physics, eco-
nomics, and engineering.

By grasping the concepts of partial derivatives and gradients, you will unlock a powerful
mathematical framework for analyzing and optimizing functions of multiple variables.
These tools will equip you to tackle advanced calculus problems and gain deeper insights
into the behavior of functions in diverse fields.

5.1 Calculating Partial Derivatives

For a function of two variables, f(x,y), we can take the derivative with respect to x or with
respect to y. These are called the partial derivatives of f. Formally, the partial derivatives
are defined as:

Limit Definition of Partial Derivatives

. fix+h,y) —f(x,
fulxy) = lim XU Y)

f(x,y + h) B f(X,y)
h

fy(X)U) = }llli%

Let’s consider a polynomial function of two variables: f(x,y) = 3x* +y> + 4xy. We will
use the limit definition to find the partial derivative with respect to x, then compare this
to what we already know about derivatives of single-variable functions. Recall that if we
can describe a function as a sum of two other functions, the derivative of the original
function is the same as the sum of the derivatives of the other functions. That is,

if f(x) = g(x) + h(x)
then f'(x) = g’(x) + h/(x)

Let’s then define v(x,y) = 3x?, s(x,y) = y3, and t(x,y) = 4xy. And so f(x,y) = v(x,y) +
s(x,y) + t(x,y), which means fy(x,y) = r«(x,y) + sx(x,y) + tx(x,y). Then,

. r(x+h,y)—r(x,y) . S(X'i'h)y)_s(xyy) . t(x+h,y)—t(x,y)
=1 1 1
o) = fim T i T e i
3(x +h)? —3x? Y-y 4(x +h)y — 4xy

= li li li
hlg(l) h + hlg(l) + hlg% h
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2 2 3x? 4 dhy — 4
:hm3x + 6xh + h” —3x 40+ lim xy + 4hy — 4xy
h—0 h h—0 h

Notice that sy(x,y) = 0. This term only had y, and its derivative with respect to x is zero.
Continuing,

6xh + h? 4hy

) = fim S i S = i iy
= 6x + 4y
As you can see, 1x(x,y) = 6x and ty(x,y) = 4y. Recall the polynomial rule for single

derivatives. The derivative of 3x? is 6x, which is also what we see with the partial deriva-
tive in this case. What about the other term, 4xy? Well, we know the derivative of bx,
where b is a constant, is b. The partial derivative of 4xy with respect to x being 4y suggests
the rule for determining partial derivatives:

Rule for Finding Partial Derivatives of f(x,y)

1. To find the partial derivative with respect to x, fy, treat y as a constant and
differentiate with respect to x.

2. To find the partial derivative with respect to y, fy, treat x as a constant and
differentiate with respect to y.

Let’s check this by predicting f;, then using the limit definition to confirm our prediction.
Applying the polynomial rule, we predict that f is:

fy(x,y) = 3y2 + 4x
Which we found by treating x as a constant and taking the derivative of each term with

respect to y. Let’s see if we get the same result using the limit definition of the derivative
with respect to y:

s FYy 4+ 1) —f(x,y)
fy (X>U) - }lllil'(l) "
[3x2 +(y+h)® +4x(y+ h)} — 3 + 4 +4xy]
= lim
h—0 h
iy XY 307 4 3yh? + R+ Ay + dxh — 3¢y’ — Ay
h—0 h

2 213
:thy h +3yh® + h’ +4xh
h—0 h

= lim 3y? 4 3yh + h? + 4x = 3y? + 4x
h—0
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Which is our expected result. In summary, you find the partial derivative with respect
to a particular variable by treating all the other variables as constants and differentiating
with respect to the particular variable, applying the rules of differentiation you've already
learned.

5.1.1 Partial Derivative Notation

There are many ways to denote a partial derivative. We've already seen one way, fy and f,.
Another common notation uses a lowercase Greek letter delta, and a further uses capital
D. They are shown below:

Partial Derivative Notations

of 0
fx(x,y) = fx = x = af(x)y) = Dyf
of 0
fy(x>y) = fy = @ = @f(xﬂsj) = Dyf
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Exercise 6 First Partial Derivatives

tions.

Find f, and fy, for the following func- ‘— Working Space
f(x,y) = 3x* + 4x%y3
f(x,y) =xe Y
flx,y) = V3x +4y2
f(x,y) = sinx’y
flx,y) =In(xY)

AN SRR I

; Answer on Page 60 4

5.1.2 Partial Derivatives of Functions of More than Two Variables

The above method of determining partial derivatives applies to functions with three, four,
or any number of variables.

Example: Find all the first derivatives of the function f(x,y,z) =y cos (xz +3z).
Solution:

of 0 ) B . (3 0/,

3 ax {ycos (x +32>} = —ysin (x +32> (ax (x —|—3z)>

% = —2xysin (xz + 32)
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And
of

@ = aay {y Cos (xz +3z>}

s; = COSs (xz + 32)

And
g—i = a% {y cos (xz + 32)} = —ysin (xz + 32) <aaz (xz + 32))

% = —3ysin (xz + 32)
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Exercise 7

Partial Derivatives with 3 or More Variables
Find all first partial derivatives of the fol-

‘ Working Space
lowing functions.

1. f =sin (x> —y?) cos (vz)
2. q = /3 +udsin (5v)

3. w=x*y*

\— Answer on Page 60 4

5.1.3 Higher Order Partial Derivatives

Just like with single-variable equations, we can take the partial derivative more than once.
There are also several notations for second partial derivatives.
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Second Partial Derivative Notation

o [of o2 f
f :f = —_— —_— =
(Fy = fay oy (6x> 0yox

o [of o2 f
fox=fpx=x (x| =
(Fy)x = fux ax( y) 0x0dy

d [ of o f
(== 55 () = 2

Notice that for (alf /oy ax), we first take the derivative with respect to x, then with respect
toy.

Example: Find all the second order partial derivatives of f(x,y) = 2x*> — x*y% + y3.
Solution: We begin by finding f, and fy:
fyo(x,y) = 4x — 3x%y?

fy(x,y) = —2x3y + 3y2

We then take another partial derivative to find all the second order partial derivatives:

0 0
flxy) = 2 filx,y) = o (4x—3x%y?) =4 —6xy?

0 0
fxy (X>U) = @fx(x)y) = @ (4X - 3X2y2) = _6X2y

0 0
(0 y) = oy (x,y) = = (<26 +3y?) = —6x’y

0 0 3 2 3
fyy(x,y) = @fy(x,y) = @ (—ZX y+3y ) =—-2x"+ 6y
What do you notice about fyy and fyx? They are the same! This is not a coincidence of

the particular function used in the example. For most functions, f,, = fyx, as stated by
Clairaut’s theorem.

Clairaut’s Theorem

If f is defined on a disk D and fyy and fyx are both continuous on D, then f,, = fx
on D.
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This is also true for third, fourth, and higher-order derivatives.

Exercise 8 Clairaut’'s Theorem

Working Space
Show that Clairaut’s theorem holds for

the following functions (show that f,, =
fyx)-

1. f(x,y) = e?Ysinx

2. f(x,y) = xXTy
3. f(x,y) =1In(2x + 3y)

\— Answer on Page 62 4
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Exercise 9 Second Order Partial Derivatives

) _ o —— Working Space
Find all second order partial derivatives ‘

of the function.
1. f(x,y) = x°y? — 3x3y?
2. v=sin (p* + q?)

3. T = e 3" cos 62

; Answer on Page 62 4

5.1.4 The Chain Rule

For single-variable functions, where y = f(x) and x = g(t), we have seen that:

dy dydx

dt ~ dx dt

Which is the Chain Rule for single-variable functions. For multi-variable functions, there
are several versions of the Chain Rule, depending on how the variables and functions are
defined. First, we consider the case where z = f(x,y) and x = g(t) and y = h(t) (i.e. f
is a multi-variable function of x and y, while x and y are single-variable functions of t).
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This means that z is an indirect function of t:

z = f(x,y) = f(g(t), h(t))

Then the derivative of z with respect to t is given by:

dz _ofdx  0fdy
dt 9oxdt Oydt

Example: If z = xy? 4+ 3x*y, where x = 2sin (t) and y = cos (3t), find dz/dt when t = 7/2.

Solution: First, we apply the Chain Rule to z:
dz_0zdx  dzdy
dt  oxdt 0Oxdt

0 2 a1 4 0o 2, .41 d
e [xy + 3x y] n [2sin (t)] + oy [xy + 3x y} i [cos (3t)]

= (yz + 12x3y) - (2cos (t)) + (2xy + 3x4) - (—3sin (3t))

When t = 7/2, cos (t) =0, sin (3t) = —1, x = 2, and y = 0. Substituting:

dz
= (0+0)-(0)+ (04+3(2)") - (=3-—1)

=3(2)".3=144

Another case is where x and y are also multi-variable functions. Consider z = f(x,y),
x = ¢(s,t), and y = h(s,t). This means z is an indirect function of s and t:

z=f(x,y) = f(g(s,t),h(s, 1))

In this case, there are two partial derivatives of z:

0z _0zdx  0zdy
ds 0x0s 0y Os

0z _0z0x 020y
ot 9xodt Oy ot

Example: Find 3z/9ds and 9z/dt if z = e** cosy, x = s’t, and y = st
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Solution: First, let’s find 0z/0s:

0z _dzdx | 020y
ds 0x0ds 0y Os

o [ cosu] g [ g [ eosy] - 5[]

(26 cony) - (2511 + (~esimy) - (2)

Substituting for x and y:

0z
P 4ste®’t cos (st2> t2e2s°t g (st2>
s

And finding 0z/0t:
0z _dzdx 22y
ot 0x 0t dyot

Substituting for x and y:

0z

5 2522t cos (stz) — 2ste?s’tsin (stz)
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Exercise 10 The Chain Rule for Multivariable Functions

) —— Working Space
Find dz/dt or 0z/0s and 0z/0t. ‘

1. z=sinxcosy, x = 3vt,y = 2/t
2. z=+/1+xy,x =tant,y = arctant

3. z = arctan (x2 +y2), x=tlns, y=
t
se

4. z=\xeY, x=1+st,y=s>—1t

\— Answer on Page 63 4

5.2 Interpreting Partial Derivatives

What is the meaning of a partial derivative? Recall that z = f(x,y) plots a surface, S.
Consider the function z = cosy — x?, shown in figure 5.1.
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Figure 5.1: The surface z = cosy — x?

We can see that f(1,71/3) = —1/2; therefore, the point (1,7/3,—1/2) lies on the surface
z = cosy — x* (the black dot shown in figure ??). If we fix y such that y = 7/3, we are
looking at the intersection between the surface and the plane y = 71/3 (see figure 2?).
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Figure 5.2: The intersection between the surface z = cosy —x* and y = 71/3 is the parabola
z(x) =1/2 —x*

We can describe this intersection as g(x) = f(x, /3), so the slope of a tangent line to this
intersection is given by g’(x) = fyx(x,7/3). This means, geometrically, fy(1,7t/3) is the
slope of the line that lies tangent to z = f(x,y) at the point (1,7t/3,—1/2) and in the plane
y = 7/3 (see figure 5.2). Alternatively, you could think of fy as the slope of the tangent
line to the surface that is parallel to the x-axis.

Similarly, we can fix x = 1 and look at the intersection between the surface z = cosy — x*
and the plane x = 1 (see figure 5.3. Just like before, we can describe this intersection
as h(y) = f(1,y), which means the slope of a line tangent to the intersection is given by
h'(y) = fy(1,y). Therefore, as with fy, fy(a,b) gives the slope of a line tangent to the
point (a, b, f(a, b)) and parallel to the y-axis.
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Figure 5.3: The intersection between the surface z = cosy — x? and x = 1 is the trigono-
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metric function z = cosy — 1

Example: The density of bacterial growth at a point (x,y) on a flat agar plate is given by
D =45/ (24 x* +y?). Find the rate of change of bacterial density at the point (1,3) (a)
in the x-direction and (b) in the y-direction. Interpret the meaning of your results.

Solution: The rate of change of a two-variable function in the x-direction is given by the

partial derivative with respect to x:

0 45 —45(0/0x) 2+ %2 +y?)

X

X244+ ety

—90x
(2+x2+y?2)
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The rate of change in the x-direction at (x,y) = (1, 3) is given by:

—90(1 —90 —90 5
DX(1)3): ( ) 7 = 7 = =79
(2412432 (12) 144 8

This means that at (1,3), the density of bacteria is decreasing as you move away x = 0
along the line y = 3.

Similarly, the rate of change in the y-direction is given by the partial derivative with respect
toy:

0 45 B —45(6/ay)(2+x2+y2)
YU oy2+x2+y? (242 +y2)?
—90y

The rate of change in the y-direction at (x,y) = (1, 3) is given by:

—90(3) 270 15
D = = [

This means that at (1, 3) the density of bacteria is decreasing faster along the y-direction
than along the x-direction.
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Exercise 11 Using partial derivatives to find tangent lines
) , ) —— Working Space

Find equations for tangent lines to the ‘

surface at the given xy-coordinate. In

which direction is the function changing

the fastest?

1. z=x%e¥/%, (1,—1)
2. z=cosx +ysiny, (m,/2)
3. z=x’y — 3xy?, (3,2)

\— Answer on Page 65 4

5.3 Gradient Vectors

The gradient vector is used to find the direction of the maximum rate of change of a surface
(for example, the steepest part of a mountain). In order to understand the gradient, we
must first discuss directional derivatives. Recall that the partial derivatives, f, and fy, can
be used to define a plane tangent to the surface z = f(x,y) (see figure 5.4). Directional
derivatives allow us to find the slope of the tangent plane in directions other than the x-
and y-directions.
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Figure 5.4: The directional derivatives, fy and f; define a tangent plane

5.3.1 Directional Derivatives

The contour map in figure 5.5 shows the elevation, f(x,y) for a mountain. You already
know that you can use the partial derivatives, fy and f, to find the rate of change in
elevation going east-west or north-south. But what about other directions? Suppose the
hiking path you’re on goes north-east. How can you predict the steepness (i.e. the rate
of elevation change) along this path? The directional derivative allows us to find the rate
of change in any direction.

=

Figure 5.5: The contour plot shows the elevation of a mountain. fy gives the slope going
east, while fy gives the slope going north

At some point, (x0,Yo), the partial derivatives fy(xo,Yo) and fy(xo,Yo) give the rate of
change of elevation in the east-west and north-south directions, respectively (see figure
5.6).
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Figure 5.6: If u points north-east, then the directional derivative of f(x,y) at (xo,Yo),
Dy [f(x0,Yo)], tells the rate of change going north-east

To find the rate of change at (x,,Y,), in the direction of some arbitrary unit vector, u =
[a,b] = ai + bj, we first note that the point Q = (xo,Yo,20), Where z, = f(Xo,Yo), lies
on the surface defined by z = f(x,y). There is a vertical plane, P, that passes through
Q and points in the direction of u. This intersection defines curve C, which lies on the
surface, and the slope of this curve at Q = (xo, Yo, Zo) is the directional derivative of H in
the direction of u (see figure 5.7).

OVUO»O) \

Y

Figure 5.7: The slope of the curve formed between the plane parallel to u and the surface
z = f(x,y) is the directional derivative, Dy

We can choose another point, R = (x,y, z), the is h units away from Q along u (see 5.8).
Then the change in x is x — x, = ha and the change is y is y —y, = hb. And the slope
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from Q to R is given by:

lehgth = ha

65Yo, |
<x}l
/ :
length = hb
Yy

Figure 5.8: A second point, R, along u is h units away along u

We find the directional derivative by substituting for x and y and taking the limit as h
goes to zero:
f h hb) — f
Duf(XO)UO) = lim (%o + Yo + ) (Xo>yo)
h—0 h

How is this related to fx and fy? Let’s define g(h) such that g(h) = f(x, + ha,y, + hb).
Then

o — i 90 —9(0)
o0 = i
— 111’1’1 — f(xo +ha)y0 +hb) _f(XO)yO) — Duf(xo)yo)
h—0 h

We can also apply the Chain Rule to g(h):

of dx ofdy

"h) = — — 2 =Ff f b
g'(h) ox dh+ dy dh x(xy)a+ y(X,U)

Substituting h = 0, x = x,, and y = y,, we see that:

9/(0) = fx(xmyo)a + fy(Xano)b
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Which means that:
Duf(xmyo) = fx(xmyo)a + fy (Xo»yo)b

So a directional derivative is:

The Directional Derivative

Let f be a differentiable function and u be a unit vector, u = [a, b]. Then the directional
derivative in the direction of u is:

0 0
Dufly) = filxwla + fy )b = us | txw)] +uy [iw)| G

Where u, and uy are the x- and y-components of u, respectively.

Example: Find the directional derivative Dy f(x,y) if f(x,y) = y> — 3xy +4x? and u is the
unit vector given by the angle 0 = 7t/3. What is the rate of change in the direction of u at
(1,2)?

Solution: We can describe u thUSIYI
u = [COS —,sin *] = 1 7\/>
= R = s

And therefore:

Duflesy) = fulxw) (3 ) + s ) <f)

= a% <93 —3xy +4X2> <;) + ;J <93 — 3xy +4x2) (?)

] V3,
—E(—3y+8x)+7(3y ~3x)
-3 3V3 2 3V3 _3V3 2+8—3ﬁ 3

== 4 V22 2
P L 2 Y 2 <Y

And therefore Df(1,2) is:

3V3 ., 8-3V3 3., 3V3
=S (-5 =6V3+4- =23
V3
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5.3.2 Unit Vectors in Two Dimensions

What if the given vector is not a unit vector? We can scale the given vector to find a unit
vector in the same direction:

Example: Find the directional derivative of f(x,y) = 3x,/y at (1,4) in the direction of
v=1[21].

Solution: First, we need to find a unit vector in the same direction as v. There are several
ways to do this. In two dimensions, a unit vector in the same direction as v can be found

using trigonometry (see figure 5.9 for an illustration).

Y

Vx

Figure 5.9: u is a unit vector in the same direction as v

We know that 0 = arctan (vy/vy). Therefore, the x-component of the unit vector, u, is
given by:

Vy
u, = |u|lcos © = cos | arctan —=

VX
Similarly, we know that:
\%
uy = |u/sin® = sin <arctan y)

Vx

(Recall that since u is a unit vector, [u| = 1).

Let’s use this method to find a unit vector, u, in the same direction as v = [2,1]:

1 2
= — ~ . 4 = —
u, = Cos (arctan 2) cos (0.464) 7
uy = sin (arctan ]) ~ sin (0.464) = L
vy = 7) = o088 =15

Therefore, a unit vector in the same direction as vis u = {2 /V/5,1/ \@]



44 Chapter 5. PARTIAL DERIVATIVES AND GRADIENTS

And we can find the directional derivative:

0 0
Duli,y) = |51 105) |+ | x,w)

s~ () (2]« () [ ]

o= (30 ()5

12y + 3x
Du(x,y) = 211/53

To find the magnitude of the directional derivative at (1,4), we substitute for x and y:

Dy(1,4) = 12(4) +3(1) _ 5 ~ 5.702

2./5(4) 45

5.3.3 Unit Vectors in Higher Dimensions

The trigonometric explanation for finding unit vectors is more difficult to visualize in
higher dimensions. However, there is another method that works well in 2, 3, and higher

dimensions. Recall that the magnitude of a vector, v = [vy, vy] is given by |v| = (V) + (vy )2.

For a vector with n dimensions, v = [vy,vy,---,vy], the magnitude is given by |v| =
VR + v 4+ (v

To find a unit vector, u, in the same direction as v, we can scale v up or down so that
its magnitude is 1. We can do this by dividing by v’s magnitude. Consider the two-
dimensional vector used in the last example, v = (2, 1]. Its magnitude is:

V=422 + (1 =V5
Let’s check if v/|v] is a unit vector:
\' 1 2 1
Y (== L
v= ()= )

And the magnitude of this scaled vector is:

(CREREEEE

A\

v|
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Notice our unit vector is the same as we found using the trigonometric method above.

Another way to think of the question is: what factor, k, can we multiply v by to yield
a vector with a magnitude of 1? Let’s see this method for the 3-dimensional vector v =
(3,2, 1]. We are looking for a k such that:

[kv| =1

kvl = I3k, 2k, TKI| = 1/ (3K)2 + (2K)? + (1K)

= VK2 442+ K2 =kV14 =1

Which implies that k = 1/ V14, which is 1/|v|. And therefore a unit vector in the same
direction as v = [3,2, 1] is:
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Exercise 12 Finding Directional Derivatives
Working Space

Find the directional derivative of the func-
tion at the given point in the direction of
the given vector.

1. f(x,y) = e**sin2y, (0,7/6), v =
[_3)4]
2. f(x,y) = xzy +xy3, (2,4), v=2i—j

3. f(x,y,z) =In (x2 +3y—2z),(2,2,1),
v=1[1,1,1]

\— Answer on Page 66 4
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5.3.4 Maximizing the Gradient

The directional derivative can be written as the dot product of two vectors:

D.f(x,y) = afy(x,y) +bfy(x>9) = [fx(xwy))fy(x>y)] -u

The first vector, [fc(x,y), fy(x,y)], is called the gradient of f, and is noted as V.

The Gradient

For a two-variable function, f(x,y), the gradient of f is the vector:

of . of.
Vit = [fx(x)y)yfy(x>y)] = al‘i‘ @]

Where i and j are the unit vectors in the x- and y-directions, respectively.

Think back to the elevation example we opened the chapter with. What if we wanted
to complete our ascent as quickly as possible? We would want to know the direction in
which the elevation is changing the fastest. This occurs when the direction we are going
is the same direction as the gradient vector, Vf.

Recall that the dot product is defined as:

u-v=|ul|lvlcos9o

Where 0 is the angle between the vectors u and v. Applying this to the directional deriva-
tive, we see that:
Dyf = Vf-u=|Vf]|u|cos 0 = |Vf|cos O

Which is at its maximum when Vf and u point in the same direction (because cos (0) =
1). Therefore, the gradient vector points in the direction of maximum change and the
magnitude of that vector is the rate of maximum change.

Example: Find the maximum rate of change of f(x,y) = 4yy/x at (4,1). In what direction
does the maximum change occur?

Solution: We begin by finding Vf:

0 0
Vi = x (49\/;) ) @ (49\/@
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- (e

And thus,
_[2(1) _
VE(4,1) = [ﬂ,m} = [1,8]

Therefore, the maximum value of VT at (4, 1) is:

IVl =12+ 8 =65

in the direction of the vector [1, 8].
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Exercise 13 Using the Gradient to find Maximum Change
o ) —— Working Space ———

Suppose you are climbing a mountain ‘ ‘

whose elevation is described by z = 3000—

0.01x?—0.02y?. Take the positive x-direction

to be east and the positive y-direction to

be north.

1. If you are at (x,y) = (50,50), what
is your elevation?

2. If you walk south, will you ascend
or descend?

3. If you walk northwest, will you as-
cend or descend? Will the rate of
elevation change be greater or less
than if you walked south?

4. In what direction should you walk
for the steepest ascent? What will
your ascension rate be?

; Answer on Page 68 4
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5.3.5 Conclusion

in summary, we have learned that the gradient of some multivariable function is the point
of steepest increase of the function, represented as:

of of)_ o o,
ox’dy| ‘ox’dy

The directional derivative is the gradient at some point a dotted by the unit vector:

Dyf(a) = Vf(a)-u

It is best to think of the gradient as an arrow pointing in the steepest uphill direction
(vector), and the directional derivative as the slope of any specific uphill direction (scalar).

5.4 Applications of Partial Derivatives and Gradients

5.4.1 Laplace’s Equation

A partial differential equation that has applications in fluid dynamics and electronics is
Laplace’s Equation. Solutions to Laplace’s Equation are called harmonic functions.

Laplace’s Equation

Consider a twice-differentiable function, f. In two dimensions, Laplace’s Equation is
given by:
oM oM 0
o oyt

And in three dimensions,
LA A
X2 dyr 0z

Another way to represent Laplace’s Equation is:

5 =VH=V.-Vf=0

Where V? = § is called the Laplace operator.

Example: Determine whether or not f = x* +y? is a solution to Laplace’s Equation.
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Solution: We are checking to see if 3725 + 21— 0 for f(x,y) = x* + y?. Finding 9*f/dx%:

a»yiz:
a?f_ 2 2 (2 42)
o2 ox |ax \© Y
0
=2 2x)=2
aX(X)

And finding 92f/9y*:

)

Then 272; + 3725 =2+ 2 =4#0. Therefore, f(x,y) = x* +y? is not a solution to Laplace’s
Equation.

Exercise 14 Solutions to Laplace’s Equation

Determine whether the function is a so-

‘— Working Space

lution to Laplace’s Equation.

1. f(x,y) =x? _yZ

2. f(x,y) =sinxcoshy + cosxsinhy

3. f(x,y) = e *cosy —e Ycosx

\— Answer on Page 69 4
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5.4.2 The Wave Equation

Another useful equation with partial derivatives is the Wave Equation:

%f L 0%
— = Q" —
ot? ox?

Where f is a function of x and t and a is a constant. This equation describes waves, such
as a vibrating string, light waves, or sound waves.

Example: Show that f(x, t) = sin (x — at) satisfies the Wave Equation.

Solution: First, we find the second partial derivatives:

¥ _ 212 (gin(x—at)] = & [~acos (x — at)] = —asin (x— at)
52 = ¢ |3 Sin(x—a = 5p acos(x —at)] = —a’sin(x —a
T2 12 (in(x—at))] = 2 feos (x— at)] = —sin (x — at
52~ o aX51xa = 3 [cos(x—at)] = —sin(x —a
And we see that:
2762f = —a’sin (x —at) = O—Zf
ox2 - ot?

Therefore, this function satisfies the Wave eEuation.
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Exercise 15 The Wave Equation
_ . —— Working Space

Show that the following functions sat- ‘

isfy the Wave Equation:

1. f(x,t) = cos (kx) cos (akt)

2. f(x,t) =sin (x — at) + In (x + at)
3. f(x,t) = 5=

222

; Answer on Page 70 4

5.4.3 Cobb-Douglas Production Function

The Cobb-Douglas function describes the marginal utility of capital and labor as theorized
by the economists Charles Cobb and Paul Douglas. Capital investments are things like
new machinery, expanded factories, or raw materials. Labor investments involve hiring
more workers or improving working conditions to improve work rates. We can describe
total production, P, as a function of labor, L, and capital, K. Cobb and Douglas posit three
conditions:

1. Without either labor or capital, production will cease.

2. The marginal utility of labor is proportional to the amount of production per unit
of labor.

3. The marginal utility of capital is proportional to the amount of production per unit
of capital.



54 Chapter 5. PARTIAL DERIVATIVES AND GRADIENTS

The marginal utility of labor is given by the partial derivative, 9P/0L and the production
per unit of labor is given by P/L. Therefore, statement 2 says that:

oP P

a %L

where « is some constant. Keeping K constant at K = Ky, we have the differential equation:

P P

a %L

Solving, we find that:
P(L, Ko) = Gy (Kp) L*

We make C; a function of Ky because it could depend on Kj. In a similar manner to above,
we can write statement 3 as a mathematical statement:

oP P
K~ Pk

where f3 is also a constant. Keeping L = Ly and solving, we see that:

P(Lo, K) = Ca(Lo)KP

again, we assume C; is a function of the fixed labor, L,. Combining these equations, we
get:
P(L,K) = bL*KP

where b is a constant independent of capital and labor. Additionally, from statement 1,
we know that o > 0 and 3 > 0. What happens if both labor and capital are increased by
a factor of n? Let’s examine the effect on P:

P(nL,nK) = b (nL)* (nK)®
P(nL,nK) = n*PpLoaKbete — n*+Bp (L K)
Cobb and Douglas noted that if «« + 3 = 1, then P(nL,nK) = nP(L,K), and therefore

increasing labor and capital by a factor of n increases production by a factor of n as well.
Therefore, the Cobb-Douglas equation assumes « + 3 = 1 and can be written as:

P(L,K) = bL*K'
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Exercise 16 Cobb-Douglas Production Model

_ Working Space
Cobb and Douglas modeled production
in the US from 1900 to 1922 with the
equation P(L,K) = 1.01L%75K075,

1. Express the marginal utility of la-
bor as a function of L and K.

2. Express the marginal utility of cap-
ital as a function of L and K.

3. In1916, L =382 and K = 126 (com-
pared to initial values of 100 in 1900).
What is the marginal utility of la-
bor in 1916? Of capital?

4. Based on your answer to the pre-
vious question, would you invest
in capital or labor if you owned a
factory in 1916? Why?

; Answer on Page 72 4






APPENDIX A

Answers to Exercises

Answer to Exercise 1 (on page 6)

First, take the derivative of the function:

f'(x) = 2x — 6.

Set the derivative equal to zero to find the critical point:

2x—6=0.

Solving this equation gives
Next, take the second derivative:

f(x) = 2.

Since the second derivative is positive, the function is concave up, and the critical point
corresponds to a minimum.

Finally, substitute x = 3 back into the original function:

f(3) =32—6(3)+5=—4.

Therefore, the function has a minimum value of —4 at x = 3.

Answer to Exercise 2 (on page 7)

Because only three sides require fencing, the total amount of fencing is given by

X+ 2y = 60.

57
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Solving this equation for x gives
x = 60 — 2y.

The area of the enclosure is
A =xy.

Substituting for x yields
Aly) =y(60 — 2y) = 60y — 2y”.

Take the derivative:

A'(y) = 60 —4y.
Set the derivative equal to zero:
60 — 4y = 0.
Solving for y gives
y = 15.
The second derivative is
Ay) = —4.

Since the second derivative is negative, this critical point corresponds to a maximum area.

Substituting y = 15 into the constraint gives

x = 60 — 2(15) = 30.

Therefore, the enclosure has dimensions 30 units by 15 units.

Answer to Exercise 3 (on page 10)
1. For f(x) = 20x — x3,

f'(x) =20 — 2x.
Setting f’(x) = 0 gives 20 —2x =0, so x = 10.

f(x) = —2.

Since f”(10) < 0, the function is concave down at the critical point, so the critical
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point is a maximum.

2. For f(x) =x* —6x +5,

f'(x) = 2x — 6.
Setting f’(x) = 0 gives 2x —6 =0, so x = 3.

(x) = 2.

Since f”(3) > 0, the function is concave up at the critical point, so the critical point
is a minimum.

3. For f(x) = x> — 3x,

f'(x) =3x* —3=3(x*—1).

Setting f/(x) = 0 gives x> —1=0,s0 x = —1 and x = 1.

f(x) = 6x.
At x = —1, f’(—1) = —6 < 0, so there is a local maximum at x = —1. Atx = 1,
(1) = 6 > 0, so there is a local minimum at x = 1.
The second derivative test is not inconclusive for this function at the critical points,

because f”(—1) and f”(1) are not zero.

4. For a quadratic function of the form f(x) = ax? + bx + ¢ with a # 0, there is exactly
one critical point at

b
X=—5
Also,
f’(x) = 2a.

If a > 0, then f”(x) > 0 and the critical point is a minimum. If a < 0, then f”(x) < 0
and the critical point is a maximum.

Answer to Exercise 4 (on page 16)

Using implicit differentiation, we see that:
4 arcsinx = a4 In
dx “ax Y

L
V1—x2  ydx
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Multiplying both sides by y to isolate dy , we find that:

dy_ Y
dx 1T—x2

Answer to Exercise 5 (on page 16)

First, we need to find g—;:

ddy_d, d
dx dx  dx ax
:2x+% =2x+x*+y
At (—1,-1), & = (124 (1) =0 and &Y = 2(~1) + (—~1)> + (~1) = —2 < 0. Since the

slope of y is zero and the graph of y is concave down, (—1,—1) is a local maximum. At
(1,-5), ¥ =12+ -5=—-4+#0and J =2(1) 4+ 12 4 (=5) = —2 # 0. Since neither the
first nor second derivative of y are zero, (1, —5) is neither a local extrema nor an inflection
point.

Answer to Exercise 6 (on page 25)

L fx(x,y) = 2 [3x* + 4x*y’] = 12x% + 8y? and fy(x,y) = a [3x* + axPy’] = 12x%y?

0
ox
2 (xe V) = —xe™V
£ =

2. fx(x,y) = 5. (xe™¥) = e7Y and fy(x,y)

_ay

3. fx(x,y) = aX\/3x+4y2 = (2\/3;74132> (aa—X (3x+4y?)) = 2\/33+74y2 and fly(x,y) =

3  /ae 4 Al 1 2 8
3y vV 3x a4yt = 24/3x+4y2 (@ (3% +4y )> 2\/3;149 \/Sx-yuly

3x+4y

4. f(x,y) = L sin (x’y) = cos (x*y) (L (x*y)) = 2xy cos (x*y) and fy(x,y) = %sin (x*y) =

cos (x2y) (& (%) ) = x*cos (x2y)

5. fx(x,y) = %ln (x¥) = a% (yInx) = ¥ and fy(x,y) = % (yInx) =Inx

Answer to Exercise 7 (on page 27)



1. Finding fy:

X

o g [ () on (V)] = con () con (3) [ 3 (- 7)]

fy = 2xcos (xz - y2> cos (v/z)

Finding fy:

fy = ai [sin (xz —y2> cos (\/2)} = COs (Xz - Uz) cos (ﬁ) [aay (Xz - yz>]

Y

fy = —2y cos (x2 — y2> cos (vz)

Finding f,:

f, = a% [Sin (xz — yz) cos (ﬁ)} = sin (xz —

) (—sinva) - (1o vE)

—sin (x* —y?) sin (v/2)

f,=

2. Finding qy:

2z

1

76\3/#7
qt—at P +uw sm(Sv)—S(

t3 +udsin (5v))

tZ

7 (aat (t3 +udsin (5v)>)

(t3 + udsin (5v))

1

2/3

t3 + w3 sin (5v))

u? sin (5v)

Ve <’()au (t3 +u?sin (5v))>

qi =
Finding qy:
qu= % U/ +usin (5v) = .
Qu =
Finding qy:

1

(3 +udsin (5\)))2/3

0
Qv = — /13 +udsin (5v) =
ov 3(

u3 cos (5v)

t3 +usin (5v))

qQv =

0
— (5 _
3 (8 +udsin (5v))*3 (av( v)>

73 (Ei) <t3 +u’sin (5v)>>

5u3 cos (5v)
3 (83 +wsin (5v))*°

61
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3. Finding wy:

Finding wy:
= 2 ey = (27) = ()
Wy = N
Finding w;:
wz = a% (xy*) = (y") <aazx"> = (y*) (In (x)x*)

Answer to Exercise 8 (on page 29)

1. fyy = % (2f(x,y)) = % (2 (e?Vsinx)] = % [(e?V) (L sinx) + (sinx) (Ze?V)] =
% [e¥Y cosx 4 2ye®Ysinx] = % (e” cosx) + % (2ye?¥sinx) = 2xe” cosx +

(2y) (% e?V sin x) + (e sinx) (%Zy) = 2xe? cos x + 4xye? sin x + 2e*Y sin x

fyx = = (%f(x,y)) =2 [% (e? sinx)} = 2 (2xe®Vsinx) = (2x) [L (e?Vsinx)]+
(e”Vsinx) (22x) = (2x) [(e?¥Y) (2 sinx) + (sinx) (2 e?Y)]+2e>Y sinx = 2xe™Y cos x+
4xy e sinx + 2e2Y sinx = fxy

_ 2 (2 oo (2] _ o [0tw@)—2M)] _ o [x242xy] _ ey (20— (x*42xy) 2(x+y))
2ty = & (o) = [ ()] = [S9] = § [1] -

COY | (ety)? (ety)*
(A 42xy+y?) (2x)— (x*+2xy) (2x+2y) _ 2344y 2xy? 23 -2y Py —dxy? _ —2x%y—2xy?
(ety)* (ety)* (ety)*
o = 2 (2Fxy) = 2[2 (22)] = 2 [ =22 = biE20-)ey)
vy = o \ag'OW ) = o oy \xiy )| T O [aw)?) T ) =
(x2+2xy+y?) (—2%)+x2 (2x+2y) _ — 23 —dxPy—2xy? + 23+ 2x %y _ —2x2y—2xy? —f
(ety)? (ety)* (ety)* *y
2 }: —2B3) _ _ -6
(2x+3y)? (2x4+3y)?

3. fuy = & (2100 Y) = & [ (n(2x+3y))] = & |55
ax =%

) (s R 3 -3(2) -6

Answer to Exercise 9 (on page 30)
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1. fox = % (a%f(x,y)) = a% [% (x*y? = 3x%y?)] = aa—x (5x*y? — 9x*y?) = 20x3y? — 18xy?.
fry = fyx = % (2f(x,y)) = % (2 (x°y? —3x%y?)] = % (5x*y? — 9x*y?) = Toxty —

fyy = % (%f(x,y)) = % {% (x°y? — 3x3y2)} = % (2x5y — 6x3y) = 2x° — 6x°.

2. Vpp = 35 (%v(% q)) =3 [% (sin (p°+4 ))} % (cos (p* + q%) (3p?)) = cos (p* + ¢%)-
+

Cos( +q )ai(
—6p qsm( 3+q2)

Vaq = 3 (av(p,q)) = % [% (sin (p® + qz))} ai [2qcos (p* + q%)] =24 [ cos (p> + ¢ )}
cos (p* + ¢%) [% (2q)| = (2q)-[-2qsin (p® + q%)]+2 cos (p> + %) = 2cos (p* + q?)
4q? sin (p3 +q?

2 [2 (e3cos0?)] = & (—3e3" cos 0%) = 9e~3" cos 07
Tor =Too = 35 (2T(1,0)) = & [-3e 3 cos 02] = 3re 3"sin0? (5607) = 670e 3" sin 62

9
(e7" cos 62)} = ai [—e3"sin 92 (%92)] =< ( —20e 3" sin 62)
) pr—

30 120
—20e737) (& sin 02)+(sin 02) [ (—20e73")] = (—20e73") (cos 02) (&02)+(sin 0?) (—2e73") =
—40%e73" cos 0% — 2e 73" sin 62

Answer to Exercise 10 (on page 33)

1. We are looking for dz/dt only:
dz 0zdx  0zdy
dt ~ ox dt ay dt

0 . 0
= 3 [sinx cosy] - x [3[] + % [sinx cosy] - 2/t

= (cosx )-<>+(— inx in)-(—z)
= (cosxcosy NG sin x siny v

3cosxcosy = 2sinxsiny

2Vt t2

Substituting for x and y:

dz  3cos (3v't)cos(2/t)  2sin (3v/t)sin (2/t)
dat 2V * t2
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2. We are looking for dz/dt only:

dz _0zdx 0zdy
dt  doxdt  dydt

0 d 0 d
= 3 [\/1 +xy} i [tant] + 3y [\/1 +xy} ¥ [arctan t]

_ <2\/19+7Xy> : (sec2t> + <2\/1X+7Xy> <tz_|_1)

Substituting for x and y:

dz tan t sec? t n tant
dt 2y/1+tantarctant 2v/1+tantarctant (t2+1)

= tant (sec2 t+ >
~ 2T ftantarctant t2+1

3. Finding 0z/0s:
0z 0zOx 0z Qy

s Ox s 6y 0s

— % [arctan (xz + yzﬂ - a% [tIns] + a?J [arctan (Xz + yz)] ' 6% s¢']

2x [t 2y (t
((x2+y2)2+1> <5)+<(x2+yz)2+1> (€)

Substituting for x and y:

0z 2(tlns) t 2 (set)
- — . <> _|_ . (et)
ds 2 212 2 212

[(tlns) + (set) } +1 [(tlns) + (tins) } +1

2
_ 2 . ) (t lnS + sezt>
{tz (Ins)* + sezt] +1 s

Finding 0z/0t:
0z _dzdn 2:y
ot dx 0ot Oy ot

() g+ ()

2x
= (Ins) + - (se)
((x2+y) +1> <x2+y +1>
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Substituting for x and y:

0z - 2
FY 2
ot (tlns)? + (set)z] 4

: [t (Ins)? +szeZt}

4. Finding 0z/0s:
0z 0z 0x 0z 0y

0s O0x0ds 0y 0s
0 0
Xy XY\ | 2 2
(fe ) (1+ st) + — (vxe) 3 (s —t >

dy
_ [ oY (2xy +1)] () + [xs/zexy} - (2s)

2
e (2xy+1)t By
[ )

Substituting for x and y:

dz e(1+st)(sz—t2)
ds V1+st

2

2 2
' ((2(1 +st)(s*—t )+1)t+(] + st)? (25))

Finding 0z/0t:
0z 0z0x  0zdy
ot ox ot ay ot

= gy VRS gy bt g [VRes] g [
_ { ey (?}ﬂt 1)] (s) + [Xs/zexy} (=2t
e (2xy +1)s 2
[5) [

Substituting for x and y:

oz [e(H—st)(sz—tz)

— 2t (1 +st)?

ot (T+ st) 2

.[(2(1+st)(sz—tz)+1)s

Answer to Exercise 11 (on page 38)

1. z(1,—=1) = (1)%2e(—1/1 = 1/e. Therefore, we are looking for tangent lines through

the pomt (1,—1,1/e). Finding a tangent line parallel to the x-axis: 3 = 2 (x?e¥/*) =

X2 (LevX)+ ey/X (&) =x2ev/* (L 4)+2xev/* = xPeV/* (F)+2xe¥/* = (2x —y) e¥/¥
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and z(1,—1) = (2(1) = (=1)) e /"= (3) e~ ! = 3/e. So, the slope of a line tangent to
the surface at (1,—1,1/e) parallel to the x-axis is 3/e and an equation for that line is
z=3/e(x—1)—1/e.

Finding a tangent line parallel to the y-axis: 2—3 = % (x?e¥/¥) = xe¥* and zy(1,—1) =
(e 1 =1/e. So, the slope of a line tangent to the surface at (1,—1,1/e) parallel
to the y-axis is 1/e and an equation for that lineisz=1/e(y+1)—1/e.

The function is changing faster in the x-direction.

. z(m,m/2) = cos (m) + 5 sin (t/2) = § — 1. Therefore, we are looking for tangent lines
).

through the point (mr,71/2,71/2 — 1). Finding a tangent line parallel to the x-axis:
gf( = aax (cosx +ysiny) = —sinx and zy(m,7t/2) = —sinm = 0. So, the slope of
a line tangent to the surface at (m,71/2,71/2 — 1) parallel to the x-axis is 0 and an

equation for that line is z = /2 — 1.

Finding a tangent line parallel to the y-axis: g—z = ai (cosx +ysiny) =y (ay smy)

siny (ay9> =ycosy+siny and z (7, 7/2) = (5) cos (5) +sin (5) = 1. So, the slope
of a line tangent to the surface at (7r,7t/2, /2 — 1) parallel to the y-axis is 1 and an
equation for that lineisz = (y —n/2) — (n/2—-1) =y —7m+ 1.

The function is changing faster in the y-direction.
z(3,2) = 3%(2) — 3(3)(2%) = 18 — 36 = —18. Therefore, we are looking for tangent

lines through the point (3,2,—18). Finding a tangent line parallel to the x-axis:
%2 — 2 (x?y —3xy?) = 2xy — 3y? and z,(3,2) = 2(3)(2) — 3(2)? = 0. So, the slope of

a line tangent to the surface at (3,2, —18) is 0 and an equation for that lineis z = —18
Finding a tangent line parallel to the y-axis: §Z = & (x*y —3xy?) = x* — 6xy and

zy(3,2) = 32 —-6(3)(2) = 9—36 = —27. So, the slope of a line tangent to the
surface at (3,2,—18) is —27 and an equation for that line is z = —27(y —2) + —18 =
—27y +54 —18 = 36 — 27y.

The function is changing faster in the y-direction.

Answer to Exercise 12 (on page 46)

1. First, we define u such that |u| = 1 and u is in the same direction as v:

u = kv = [-3k, —4K]

(—3k)2 + (4k)* =1

VK2 +16k2 = V25k2 = 5k = 1

k==
5
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Therefore, we define u = [—3/5,4/5] and the directional derivative is given by:
-3\ 0 4\ 0
D = — ] — i
dxw = (F) grton)+ (5) o fow)
— 4
= (53)) % [63" sinZy} + <5> aay [e3" sinZy]
— 4
= (;) <3€3X sinZy) + <5) <2e3" COSZy)

And substituting for (x,y) = (0,7/6):

Du(0,71/6) = (;) [pervsin (3)] + <:) [26*%cos (3)

s =(3) 7] o (5) 1

du(0,71/6) = <_53) . <3\2@> + (:) (1)

—9v3 8 8-9V3

2. We can express v as v = [2,—1]. And we define u such that [u| = 1 and u is in the

same direction as v:
u = kv = [2k, —k]

(2K)% + (=k)* =1

VAK2 + k2 =5k =1
15

- %=

Therefore, we define u = {2\/5 /5,—/5/ 5} and the directional derivative is given by:
2V5)\ 0 —/5)\ 9
Du(x,y) = <5> a—xf(x,y) + <5> @f(&}])

= <2\56 % [xzy +xy3} + <_;£> ail [xzy +xy3}

(357 s+ () oo
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And substituting (x,y) = (2,4):

Dyu(2,4) = (2\5/5> [2(2)(4) +43} n (if) [22+3(2)(42)

Dy(2,4) = (2\5/5> 80] + <_;/g> [100]

Dy(2,4) = 325 —20v5 = 12V/5 ~ 26.833
3. We define u such that [u| = 1 and u is in the same direction as v:

u = kv = [k, k, k]

VK2 + K2+ k2 =1

V3k =1
1T V3
k:ﬁ:?

erefore, we let u = , s and the directional derivative is given by:
Theref, 1 V/3/3,v/3/3,v/3/3| and the d 1d given by

3\ 0 3\ 0 3\ 0
Du(X»U,Z) = ({) aixf(xayaz) + ([) @f(x)}bz) + ({) af(xayaz)
. \fg 0 2 0 2 0 2
= <3> [axln(x +3y—z)+®1n(x +3y—z)+aln<x +3y—z)]

(V3 x 3 A
-\ 3 x2+3y—z x2+3y—z x2+3y—z

(V3 2x+2 | V3 (2x+2)
3 [x2+3y—z}_3(x2+3y—z)

And substituting (x,y,z) = (2,2,1):

V32042 V3(e)  2V3
Du(z’z’”*3(22+3(2)—1)* 3(9) 9 ~ 0385

Answer to Exercise 13 (on page 49)

1. z = £(50,50) = 3000 — 0.01(50)2 — 0.02(50)2 = 2925

2. A south-pointing unit vector is u = [0, —1]. To find the rate of change, we find the
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directional derivative in the direction of u at (50,50):

Duf(x,y) = (=1) [aay (3000 —0.01x2 — 0.02y2>]

Duf(x,y) = (—1) (—0.04y) = 0.04y

And at (50,50), D, f(50,50) = 0.04(50) = 2 > 0. Therefore, if you walk south, you
will ascend.

3. A northwest-pointing unit vector is u = [—ﬁ/ 2,V2/ 2] . To find the rate of change,
we find the directional derivative at (50,50) in the direction of u:

Dufloy) = (‘f) o) + (f) T
Duf(x,y) = (3@) [—0.02x] + (‘f) [—0.04y]
Duf(x,y) = 0.01v2x — 0.02v/2y

—V2

2

D, f(50,50) = 0.01v/2 (50) — 0.02v/2 (50) = ~ —0.707

The rate of elevation change walking northwest is approximately —0.707, so you will
descend and your rate of elevation change would be less than if you walked south.

4. To find the direction of maximum elevation gain, we find the direction the gradient

vector points in:
of of
f=|— 5
v [ax’ ay]

Vit = [-0.02x, —0.04y]
And at (50,50),

V£(50,50) = [—0.02(50), —0.04(50)] = [—1,—2]

Therefore, the rate of greatest elevation change is in a south-by-southwest direction
indicated by the vector [-1,—2] and the rate of elevation change is |Vf(50,50)| =
V/(=1)2 + (=2)2 = /5. Notice this is greater than the other two rates of change we
have found.

Answer to Exercise 14 (on page 51)
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o ot o [ox ()] [y ()]
0

0
= e P+ 5 Pl =2-2=0

Therefore, f(x,y) = x* — y? is a solution to Laplace’s Equation.

aZ 62 F) o) 0 0
(sinxcoshy + cosxsinhy)} +— [

@—i_@ =5 |3 3y |3y (sinx coshy + cos x sinhy)

0
= 3 [cos x coshy — sin x sinhy] + 3y [sinx sinhy + cos x cosh y]

= —sinxcoshy — cos x sinhy + sin x coshy + cos x sinhy = 0
Therefore, f(x,y) = sinx coshy + cos x sinhy is a solution to Laplace’s Equation.

% M 2o, _ _ o [d , _
ﬁ+@:a &(e Xcosy—eycosx)]+ay[ay(e *cosy —e Y cosx)

dy

=e *cosy+e Ycosx—e “cosy—e Ycosx =0

= — [-e¥cosy+e Vsinx] + — [—e *siny + e Y cosx]

Therefore, f(x,y) = e *cosy — e Y cos x.

Answer to Exercise 15 (on page 53)

1. Finding the partial derivatives:

ot 0|0 0 .
32 = 3t {at (cos (kx) cos (akt))} =% [—ak cos (kx) sin (akt)]
L P
Frol —a“k” cos (kx) cos (akt)
ri_2 i(cos(kx) cos (akt))| = 92 [~k sin (kx) cos (akt)]
ox2  Ox | 0x Cox ° rcosia

0°f 2
P —k* cos (kx) cos (akt)



And we see that:
, 0%

ai—_ aiz‘f
ox2

ot?

Therefore, f(x,t) = cos (kx) cos (akt) satisfies the Wave Equation.

a’k? cos (kx) cos (akt) =

2. Finding the partial derivatives:

o%f 0|0 .
32 = 3t [at (sin(x — at) +In (x + at))]

ﬁ_i —acos (x —at) + ——azsin(x—ott)—i—_7(12
ot2 ot x+at| (x + at)?
2
% = a—ax [aax (sin (x — at) +In (x + at))}
ﬁ—i cos (x — at) + ——sin(x—at)—l-;
aXziaX X+ at N (x_|_at)2

And we see that:

2%

. —a? o
2= ¢ sin (x — at) + ==

(x + at)? - ot?

Therefore, f(x,t) = sin (x — at) + In (x + at) satisfies the Wave Equation.

3. Finding the partial derivatives:

f 2 [d t _ 0 | (a*tr—xF) —t(2a%t)
o2 ot ot \a22—x2 /)| ot (a2t2 — x2)?

aif B 3 a?t? —x2 —2a%t? 0 —a?t? —x?
ot2 ot (a2t2 —x2)? (a2t2 — x2)2

t

71 (=) (2a%t) — (—a?t? ) (2 (P —¥?) (20%))

ot? (a2t? — x2)*
ot B ((12t2 —Xz) (—Zazt) — (—azt2 — xz) (4azt)
o2 (a2t2 —x2)°

ﬁ B —2a*t3 + 2a2tx? + 4a*t3 + 4attx?
6t2 o (a2t2 _ X2)3

% 2a't +6a’t® St a?t? + 3x?
o2 (a2t2 —x2)° B (a2t2 —x2)°
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ox

ox2  Jx

?f D [a ( t )]: d [(aztz—xz)(O)—t(—Zx)]

T ox |ox \ a2tz —x2 (a2t? — Xz)z

o D 2tx  (a?t— xz)2 (2t) — (2tx) (2 (a®t? —x?) (—2x))
a2 ox | ( 7l

X | (@242 —x2 (a2t2 —x2)*
oM (et —x%) (2t) — (2tx) (2) (—2x)
oxz (aztz _ X2)3
O 20 —2tx* + 8t 2a’t 4+ 6txF a’t? 4 3x?
ox? (a2 —x2)} (a2 —x2)P} (a2t — x2)°

And we see that:
204 o [ PP+ o
QA — =20t| ——mm— | = —
ox? (a2t2 —x2)° ot?

Therefore, f(x,t) = —7— satisfies the Wave Equation.

Answer to Exercise 16 (on page 55)

1. The marginal utility of labor is given by dP/0L:

oP 0

= 1. ]LO.75K0.25 —0.757 L—0.25K0.Z5
oL oL [ 0 } 0.7575

2. The marginal utility of capital is given by oP/0K:

aP _ a 0.751,,0.25| __ 0.751,—0.75
= 3% [1.01L K } — 0.25251.975K

3. Finding the marginal utility of labor in 1916:
oP

Sp = 07575 (382)% (126)%% ~ 0.574

And finding the marginal utility of capital in 1916:

oP

o = 0-2525 (382)%7° (126)7%7° ~ 0.580

4. Since the marginal utility of capital is greater, I would invest in capital. This would
yield a greater increase in production than the same investment in labor.
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Laplace’s equation, 50

multivariable function, 19
domain, 19
range, 19

optimization, 3

partial derivative, 21
chain rule for, 30
limits of, 22

related rates, 17
relative extrema, 3
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